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Preface

These notes on random walks in random environments (RWRE) reflect what I
hoped to cover in the 15 hours of the St Flour course on this topic, July 9-25,
2001. Of course, this turned out to be over optimistic. Departing even further
from the actually delivered lectures, I have taken advantage of the year that
elapsed to add some material (especially, related to multi-dimensional walks)
and to correct numerous mistakes and omissions.

The manuscript consist roughly of two parts: the first deals with RWRE
on Z. The interest in the model began in the early 70’s, and with the detailed
analysis of RWRE asymptotics in the last decade, has now reached maturity
(for an account of the history of the subject and many of the results through
the early 90’s, see [37]). I have tried to present different tools for the study of
such walks, risking some repetition of results in a few cases, and deferring to
the bibliographical notes a discussion of refinements and sharpening of the
results. It is worthwhile to point out that RWRE’s on Z have already been
considered in previous St Flour courses (most notably by Ledrappier [50] and
by Molchanov [53]), but the emphasis in this presentation is quite different.

The second part of the notes deals with Z? This is currently an active
research area, and one hopes that much progress will be made in the next
few years. My goal here was to expose the audience to some tools which have
proved useful, and to point out several directions where further progress could
be made. In several places, I have tried to lay the groundwork for relaxing
the often made assumption of i.i.d. environment.

When preparing the notes, and taking into account the time frame of
these lectures, it became clear that there were topics that had to be left out.
Even the uninitiated will quickly realize that the most glaring omission is the
study of RWRE’s by renormalization techniques. There are three reasons for
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this: first, it would take too long to properly expose it. Second, these methods
have not yet reached the full scope of their applicability, and in view of very
active current research efforts in this direction, any account written now risks
being outdated very quickly. And third, an overview of the current status of
these techniques can be found in [69] and [70]. Time constraints also did not
allow me to discuss random walks on Galton-Watson trees, a topic that has
seen much progress in recent years.

Parts of the material presented here is based on joint work, some still
unpublished, with F. Comets, A. Dembo, N. Gantert, and Y. Peres. I thank
them all, both for the many hours spent together on thinking about RWRE,
and for their generosity. I would also like to thank my colleagues in Haifa who
suffered through a first draft of these notes in the winter of 2000. In partic-
ular, comments from D. Ioffe, H. Kaspi, E. Mayer-Wolf, A. Roitershtein and
M. Zerner are gratefully acknowledged. Similarly acknowledged are useful re-
marks from D. Cheliotis, A. Dembo, N. Gantert, A. Guionnet, H. Kesten,
D. Piau, and S.R.S. Varadhan. Comments from participants at the St Flour
summer school helped improve the presentation and strengthen numerous re-
sults. I am particularly grateful to P. Bougerol who allowed me to incorporate
some of his suggestions in the final text of these notes, and D. Ocone and F.
Rassoul-Agha for stimulating discussions. Last but not least, I am grateful
to J. Picard for the smooth and gentle running of the summer school.

A typographical comment: for aesthetic reasons, I consistently use P2,
E°, P°, E°, etc., when I mean P%, E0 PO E°.

1 Introduction

The definition of a RWRE involves two components: first, the environment,
which is randomly chosen but kept fixed throughout the time evolution, and
second, the random walk, which, given the environment, is a time homoge-
neous Markov chain whose transition probabilities depend on the environ-
ment. We do not attempt here a historical review of RWRE’s, or in greater
generality of motion in homogeneous media, except for stating that we insist
on the environment being static, i.e. time independent, and that in general the
random walk (conditioned on the environment) is not necessarily reversible.
1.1 Model

We begin with a general setup, that will be specialized later to the cases of
interest to us. Let (V, E) denote an (infinite, oriented) graph with countable
vertex set V and edges set E = {(v,w)} (we allow, but do not require,
(v,v) € E). For each v € V', we define its neighborhood N, by

N,={w eV :(v,w) € E},

throughout assuming that |N,| < oo, for all v € V.
For each v € V, let M;(N,) denote the collection of probability measures on
V with support N,. Formally, an element of M;(N,), called a transition law
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at v, is a measurable function w, : V' — [0, 1] satisfying:

(a) wy(w) >0 YweV
(b)  wy(w) =0 Vw¢ Ny
(c) Z wy(w) =1

wWEN,

(1.1.1)

Note that if v € N, then in (1.1.1c) we allow for w,(v) > 0.

We equip M;(N,) with the weak topology on probability measures, which
makes it into a Polish space. Further, it induces a Polish structure on 2 =
[I,ev Mi(Ny). We let F denote the Borel o-algebra on (2 (which is the
same as the g-algebra generated by cylinder functions). Given a probability
measure P on (2, F), a random environment is an element w of (2 distributed
according to P.

We turn next to define the class of random walks of interest to us. For
each w € (2, we define the random walk in the environment w as the time-
homogeneous Markov chain {X,} taking values in V' with transition proba-
bilities

P,( X1 =w| X, =v) =w,(w).
We use P? to denote the law induced on (VN,G) where G is the o-algebra
generated by cylinder functions and

PY(Xo=v) =1.

In the sequel, we refer to PY(-) as the quenched law of the random walk {X,,}.
Note that for each G € G, the map

w— PY(QG)

is F-measurable. Hence, we may define the measure P := P ® P2 on ({2 x
VN, F x G) from the relation

P'(F x G) = / PY(G)P(dw), FeF,Geg. (1.1.2)
F

The marginal of P on V'V, denoted also PY whenever no confusion occurs, is
called the annealed law of the random walk {X,}; note that under P?, the
random walk in random environment (RWRE) {X,,} is not a Markov chain!

1.2 Examples

Throughout these notes, we only treat nearest neighbor RWRE’s on Z%:

Nearest neighbor RWRE on Z Here, we take V = Z and E =
Urez{(z,2 + 1),(2,2)}. Then, N, = {v — 1,v,v + 1} and M;(N,) can be
identified with the three dimensional simplex; We let w} = w,(z + 1),

wy = wy(z — 1), and w? := w,(2). One defines naturally the shift § on
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2 by (Aw), = w,11. We always make the following assumption:

(w,F, P, ) is an ergodic system.

It is worthwhile commenting, already at this stage, that for each w there
exists a reversing measure that makes the RWRE reversible. More details are
provided in Section 2.1.

Nearest neighbor RWRE on Z? Here, V = Z%and E = U,cz{Uy~.(2,y)U
(z,2)}. For each v € V, N, contains 2d + 1 vertices, and M; (NV,) is identified
with the 2d + 1-dimensional simplex. One may define the family of shifts
{0} e),=1- As in the case of d = 1, we always require P to be ergodic with
respect to this family. We write throughout w(z,e) := w,(z + e). Unlike the
case with d = 1, the Markov chain defined by P is, in general, not reversible.

Bibliographical notes: the preface section contains relevant bibliography on
the RWRE model in 7%, d > 1. We mention here some other models of ran-
dom walks in random media that can be adapted into the general framework
presented above, but that will not be considered in these notes:

— Non nearest neighbor walks: For 7', see the recent thesis [7], that includes
also a summary of earlier work and in particular of [43]. I am not aware
of a systematic study of non nearest neighbor RWRE’s on 7%, see however
[79] for some results valid in that generality.

— Reversible random walks in random environments in Z%, d > 1: the prime
example is the random conductance model, in which bonds on Z¢ carry
i-1.d. conductances and modulate the transition mechanism of the walk, see
[14]. Other models in the same spirit, and their surprising behavior, are
described in [6] and the references therein.

— Random walks on Galton- Watson trees: see [15, 51, 52, 59] for recent de-
velopments.

2 RWRE - d=1

This chapter is devoted to the study of the one-dimensional model, where
sharp results are available. As a warm-up to the high dimensional case, we
sometimes present different proofs of the same statement.

Our exposition progresses from ergodic properties and law of large num-
bers (Section 2.1), to the study of central limit theorems (Section 2.2), large
deviations (Section 2.3), subexponential tail estimates (2.4), and subdiffusive
behaviour and aging (Section 2.5). Each section contains a (non-exhaustive!)
list pointing to the literature.

2.1 Ergodic theorems

In this section, we are interested in questions concerning transience, recur-
rence and laws of large numbers, in the most general nearest neighbour one-
dimensional setup. Define p, = w; /w} .
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Assumption 2.1.1

(A1) P is stationary and ergodic.
(A2) Ep(logpo) is well defined (with +00 or —oo as possible values).
(A3) P(wg +wy >0)=1.

Theorem 2.1.2 Assume Assumption 2.1.1. Then,

(a) Ep(logpy) <0 = ILm X, = 400, P? a.s.
(b) Ep(logpy) >0 = lim X, = —o0, P° a.s.
n—oo
(¢) Ep(logpy) =0 = —oo=Iliminf X, < limsup X, = o0, P’ a.s.
n—00 n—o0o

(Note that (a), (b) above imply that X, is P°-a.s. transient, whereas (c)
implies it is recurrent).

Proof. Due to (A2) and (A3), if P(wj = 0) > 0 then P(w; = 0) = 0, and
then Ep(log pp) = co. To see that (b) holds in this case, let ng = min{z > 0:
wi =0} and n; = max{z < n;_; : w5 = 0}. Then, P(ng < c0) = 1, hence
lim sup,, ., X, < oo, P°-a.s. Note that by ergodicity, P(n; > —o0) = 1, and
further P (X, does not hit n;y1) = 0, as can be seen either from a coupling
with (biased) random walk or from (2.1.4) below. This completes the proof
of (b) when P(wg = 0) > 0.

A similar argument applies to proving (a) in case P(w, = 0) > 0. Thus,
using (A3), we assume in the sequel that P(min(wy,w,) = 0) = 0. We
begin by deriving some formulae related to one-dimensional random walks in
a fixed environment. These can be derived concisely by using the link between
nearest-neighbor random walks on z and electrical networks, see appendix A.

Fix an environment w with |logp,| < oo for each z € Z. For z €
[-m_,m4], define

Vin_ ymyw(2) := P;({Xy} hits —m_ before hitting m_ ).

Note that due to the assumption |logp.| < oo, for each z, it holds that
Vin_.myw(2) is well defined as

PZ({Xp,} never hits [-m_,m4]°) =0.
The Markov property implies that Vy,, _ . .« (-) is harmonic, that is it satisfies

(Wj + wz_)vm_,m+7w (2) = wz_vm—7m+7w (z-1)
+ ijm_,m+,w(z +1), z€(—m—_,my),

Vm_,m+,w(_m_) =1, Vm_,m+,w(m+) =0.
(2.1.3)
Solving (2.1.3), we find
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m4 i—1
> 1l »
i=z4+1 j=z4+1

m4 i—1 z z
o I e+ > |IIn!

i=z+1 j=z+1 i=—m_+1 \j=i

Vm_,m+,w(z) = (214)

(Note that the solution to (2.1.3) is unique due to the maximum principle,
hence it is enough to verify that the function in (2.1.4) satisfies (2.1.3).)
Define S(w) = 500 p1 -+ pn, F(w) =307 pp ... p_L. Further, define
the events
St ={Sw) < 0}, Fi={F(w)< x}.
Then:

—on Ty := {S; N F{}, it holds that

lim [1=WVme(©0)] >0, lim lim [1—vk,m,w(0) =1

m— 00 k— o0 m—o00

Hence, for w € T,
PS(lim X, =00) =1.
n—oo

— Similarly, for w € T_ := {S{ N F,},
Pf(nlgr;oXn =—-o00)=1.
— Finally, if w € R := {S{ N F{} then, for any fixed F,
L= m Vio(0) = lim Vi go(0) =0,
and hence, for w € R,

Pg(—oo — liminf X, < limsup X,, = oo) —1.
n—00 n—00
We observe next that both Sy and F, are invariant events, hence P(Sy) €
{0,1}, P(F4) € {0,1} by the ergodicity of P. Next, P(Sy) =1= P(F;) =
0 by the shift-invariance of P. Thus, it is enough to prove that P(Sy) =1 if
and only if Ep(log pp) < 0 and P(F1) =1 if and only if Ep(logpe) > 0. We
prove the first claim only, the second one possessing a similar proof.
Assume first ¢ := Ep(log pg) < 0. Then, by the ergodic theorem, there
exists an ng(w) with P(ng(w) < co) = 1 such that L 37 logp; <¢/2 <0
for all n > ng(w). But then, for some C;(w) < co P-a.s.,

Z p1epn < Cr{w) + Z eb? < 50, P-as

n=1 k=no(w)+1
implying P(S4+) = 1. Conversely, for w € Sy, limy,yoo ey logpr = —00.
But, {Y; = —logp;} are stationary, and the claim follows from the following

well known:
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Lemma 2.1.5 (Kesten[40]) For any real valued, stationary sequence {Y;},
fix Zp, = Y"1 Y;. Then, one has with probability 1 that the event {Z,, —p—oo
oo} implies {liminf,,_, o Z,/n > 0}.

Indeed, Kesten’s lemma implies that on Sy,

1 ¢
Ep(logpo) = nhﬁrrgo - ];logpk <0, P-—as, (2.1.6)

and P(Sy) = 1 thus implies Ep(logpo) < 0 and completes the proof of
Theorem 2.1.2. O
Remarks: 1. P. Bougerol has kindly indicated to me the followig proof of the
implication P(Sy) =1 = Ep(logpg) < 0, which bypasses the use of Kesten’s
lemma: define the function f(w) =logS(w). P(S;+) = 1 implies that f(w) is
well defined. Since S(w) = p1 + p1.5(Aw), it holds that f(w) > log p1 + f(6w),
and we conclude by (A2) that (f(fw) — f(w))+ is P-integrable and hence
Ep[f(w)—f(6w)] = 0 (this is Mafe’s lemma, apply the ergodic theorem to see
it!). Using again f(w) > log p1 + f(6w), one concludes that 0 > Eplogp, =
Eplogpg, as claimed.

2. If P is i.i.d., Theorem 2.1.2 remains valid when the left hand side of
conditions (a), (b), (c) is replaced, respectively, by

(a') : ZnilP Hp]- >1] <oo.
n=1 j=1

®): Y ntP[]]p<1] <co.
n=1 j=1

(): Y n P ([]pi<1]| = n'P{]][ri>1] =0
n=1 j=1 n=1 j=1

This is useful in particular when Ep(logpg) is not well defined. See [67] for
details.

Having developed transience and recurrence criteria, we turn to the law of
large numbers. We first note that one cannot apply directly ergodic theorems
to the sequence X, /n: The sequence {X,, — X,,_1} is not even stationary!
We will exhibit two approaches to the LLN: The first is based on a hitting
times decomposition. The second approach is based on the point of view of
the “environment viewed from the particle”.

LLN-version I: hitting time decompositions

Introduce the following notations:
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_ [e%e] 1 i—1 1

5= Ilrcn+ = (217
i=1 “(=i) j=o “o
o) i—1

_ 1 1

F=Y — P R 2.1.8
g o ot + = (2.1.8)

Theorem 2.1.9 Assume Assumption 2.1.1. Then,

_ X, 1 ;

(a) Ep(S)<oo0 = 7}1{1&()7 = Fr®) P° a.s.
_ X, 1 ,

(b) Ep(F)<oo = nlggo = _EP(F)’ P’ a.s.

— — X
(¢) Ep(S)=0c0 andEp(F)=o00= lim — =0, P° a.s.

n—oo n

Remark: In the case that P is i.i.d., (a)-(c) of Theorem 2.1.9 become

(a') Ep(po) <1 = lim — = ——F—=, P° a.s.

1
: _ . -Ee ()
(b") Ep(p, ) <1 = lim — = , P%as
n—oo N EP (L)
wo
1 X
c <1< Ep(pyt)= lim =2 =0, P° a.s.
( ) EP(pO) = = P(pO ) n—oo 1

since Eplogpy < log Eppy with a strict inequality whenever P is non-
degenerate, it follows that one can find examples where X,, — oo P°-a.s.
but X,/n — 0, P°-a.s. This does not contradict Kesten’s lemma (Lemma

2.1.5) because {X,, — X,,_1} is not in general a stationary sequence under
Pe.

Proof of Theorem 2.1.9 We introduce hitting times which will serve us later
too. Let Ty = 0, and
T, = min{k : X}, = n}
with the usual convention that the minimum over an empty set is +o00. Set
70 = 0 and
Tn:Tn—Tnfl, TLZ].

Similarly, set
T_, = min{k : X}, = —n}
and
Ton =T—p —T-pt1, n2>1,

the convention being that 7., = oo if T, = oo. We have the following
lemma:
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Lemma 2.1.10 Iflimsup,_, . X, = +oo, P°-a.s., then {7;}i>1 is a station-
ary and ergodic sequence. If further P is strongly mizing, then {1;};>1 is also
strongly mizing.

Proof of Lemma 2.1.10 The stationarity of {7;};>1 follows from the station-
arity of the environment. To see the ergodicity, let = = [0, 1]V, let Uz denote
the measure on = making all coordinates {{;} independent and of uniform
law on [0, 1], and note that {X,} may be constructed by writing
X1 = Xn+ 1t et ™ Yenpreot, wf 4oz )b

Suppose A = A(w,&) = A(7) is an event, measurable w.r.t. G, = o{7;,i > 1},
which is invariant with respect to the shift (87); = 7,41 (we write in the sequel
A = A(67)). We need only show that P@Uz(A) € {0, 1}. Note however that
6% A, conditioned on o{w;,i € Z}, is independent of &, ...,&. Thus, since
Uz is an i.i.d. law and hence the tail sigma-field of {¢;} is trival, it follows
that A = 6% A4 is, under the above conditioning, independent of o{¢;,i > 1}.
Thus A depends only on w. But the shift 6 on the sequence {;} induces the
usual shift 6 on 2. Thus, 64 = A(6w) = A(w) and hence P(A) € {0,1}.

To prove the strong mixing properties (which we do not actually need in
the sequel), consider sets Ay -+ Ay, By ---B; C Z, and let

k J
A=({rie A}, B™=(){rmsi€Bi},.
i=1 i=1

Clearly, P°(B™) = P°(B°), and thus we need to prove that whenever
limsup,,_,, Xn = 00 P?-a.s., then
liin P°(ANB™) = P°(A)P°(B°).

Toward this end, let
J
Bf =B;n[0,K] and B™X = (\{rm: € Bf}.
i=1

Fix € > 0 and then K = K (e) large enough such that
Po(B™\ B™E) =P°(B°\ B*K) < ¢
which is possible since limsup,,_, ., X, = 00, P%-a.s. Note that, for m > k,
PJ(ANBY™) = PI(A)P(B5™)
and that PJ(A) is measurable with respect to o(w;,7 < k — 1). On the other

hand, since | X, +1 — X,| = 1, on the event {7, +; < K, 1 <i < j}, it holds
that X, > m — K for T,, < n < Tyyiji1. Thus, for m > K + k, PS(BKm)
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is measurable with respect to o(w;,i > m — K). It follows from the strong
mixing of P that

lim P°(ANBE™) = lim Ep(PS(A)PS(BK™))

= Ep(PS(A)) - Ep(P2(BX?))
:]P)O(A)]P)O(BKyO)_ (2.1.11)

On the other hand,
P°(ANB™) —e < P°(ANBE™) < P°(ANB™)

while
P?(B™) —e < ]PO(BK””) < P2(B™)

and one concludes from (2.1.11) that

lim P°(ANB™) —P°(A)P°(B%)| <e
m—r00

which implies the claim since ¢ is arbitrary. 0O
Remark: Note that an attempt to mimick this argument in Z%, d > 1, with
T; denoting the hitting times of hyperplanes at distance i from the origin,
fails because of the extra information contained in the hitting location.

Our strategy consists now of applying the ergodic theorem to the sequence
{7;}. As a first step, we have the

Lemma 2.1.12 Assume Assumption 2.1.1. Then,

(a) Epo(m1) = Ep(S),

(b) Epo(1_1) = Ep(F).

Proof. We prove only (a), the proof of (b) being similar. Decompose, with
Xo = 0,

T =1x,21+1x,—0(1+7) +1x,o1(1+7) +7). (2.1.13)

Here, (77) is the first hitting time of 1 after time 1 (possibly infinite), (14 17')
is the first hitting time of 0 after time 1, and 1 + 7 + 7' is the first hitting
time of 1 after time 1+ 7.

Under P9, the law of 7{ conditioned on the event {X; = 0} is identical
to the law of 7, the law of 7' conditioned on the event {X; = —1} is
Pj_, (1 € ), while conditioned on the event {X; = —1} N {7y’ < oo}, 7/’
also has law identical to that of ;.

Consider first the case Epo(r1) < oo. Then, both E2(r) < oo and
Ey-1,(11) < 00, P-a.s. Taking expectations in (2.1.13), one gets then

ES(n)=1+(1- wa')Ef)(Tl) +wy Ef-1, ().
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Hence,
1
Ez(Tl) == + poE’gf%d(Tl) .
Wo
Iterating this equation, we get

po , PoP(-1) T o)
Ef;(Tl):_++ T + +...+’—+—
Yo Yo Y “im)
—m+1
+ ( 11 p(i)> ES . (1), (2.1.14)
i=0

Omitting the last term, taking expectations on both sides, and then taking
m — oo using dominated convergence, we get

E]po(Tl) Z E'P(g) . (2115)
To see the reverse inequality, note that by (2.1.13), for any M < oo,
Ej(rilrem) <14+ (1= w)EY(Tilram) +wo Bf-ry (il <nr) -

Iterating, we get that

—m+1
ES(rilnen) <S+M [] o -
=0

Taking expectations, we get that
m—+1
Epo(ri1r,<m) < Ep(S) + MEp ( H p(- )

Assuming Ep(S) < oo and hence Ep (H;SH p(_i)) — 0, we get that
m o0

Epo(T117-1<M) S E’P(g) .

Taking M — oo and using monotone convergence we conclude, using also
(2.1.15), that
Epo(T117,<00) = Ep(5),
completing the proof that Epo.(71) < 0o = Epo(11) = Ep(
It thus remains to show that Epo(1) = 00 = Ep(S
that if Ep(logpo) <0, we have by Theorem 2.1.2 that

E]po(’l'l 1T1<OO) = E]po(’l'l)

hence Fpo(11) = oo implies Ep(S) = co. On the other hand, if Ep(log pg) > 0
then H?q P(—j) —rj—oo 00, P-a.s. by the ergodic theorem and hence also
Ep(S) = co. This concludes the proof of Lemma 2.1.12. O

3).
)

= oo. Note next
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Remark: In fact, a similar proof shows that in the uniformly elliptic case,

ES(m) = S, for every environment w.
An application of Lemmas 2.1.10 and 2.1.12 yields that in case (a)

T, i1 Ti
T _2imiT yp(n) < oo, Po-as.. (2.1.16)
n n

On the other hand, we have the following:

Lemma 2.1.17 Assume T,,/n — «, for some constant a < oo. Then,

X, 1

n n—oo o

Proof of Lemma 2.1.17 Let k, be the unique (random) integers such that
T, <n<Th, 41-

Note that X,, < k,, + 1 while X,, > k,, — (n — T}, ). Hence,

@_(1_%) CXn bl

n n

But, limy, 00 kn/n = limy, 00 n/Ty, (due to the existence of the second limit
and the definition of k). Thus,
lZlimsupEZIiminfﬁzl. O
@ n—ooo 1 n—oo e

Lemma 2.1.17 and (2.1.16) complete the proof of Theorem 2.1.9 in case
(a). Case (b) is similar, while case (c) is a minor modification of the above
argument and is left out. O
Bibliographical notes: The proof of Theorem 2.1.2 is essentially from [67],
except that the use of Kesten’s lemma is borrowed from [1]. See also [50]
for an “ergodic” approach. The rest of the section is an adaptation of the
argument in [67], which requires a strongly mizing assumption. The proof of
ergodicity in Lemma 2.1.10 was suggested to me by P. Bougerol. F. Rassoul-
Agha has kindly shown me a different proof of this fact.

Transience and recurrence results for non nearest-neighbour RWRE on 7,
in terms of certain Lyapunov exponents of products of random matrices, are
developed in [43], see also [50] and [7]. This is further developed in [3], [39],
where transience and recurrence criteria for RWRE on graphs of the form
Z x G, G finite, are derived.

LLN-version II: auxiliary Markov chains

We use the evaluation of the LLN as an excuse for introducing the machinery
of the “environment viewed from the particle”. The first step consists of
introducing an auxiliary Markov chain.
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Starting from the RWRE X,,, define @(n) = §*»w. The sequence {@,} is
a process with paths in 2. What is maybe more useful is that it is in fact
a Markov process. More precisely:

Lemma 2.1.18 The process {w(n)} is a Markov process under either PO or
PO, with state space 12 and transition kernel

M(w,dw') = w{)"égw:wr + wy Op-1ymw + W G—t -

Proof. For bounded functions f; : 2 —» R,

ES (1_1 ﬁ(w(z))) = B (f[lfi(o%))
= B ( fi(Xiw) X (fanw)))
— B (_ F6% ) [, £u(6-6%10)
Z;w;n_lfnw—l %)+ wk, (65 w)] )
= E° (hj fi(0%iw)M f,(@(n — 1))) (2.1.19)

where

which proves the Markov property of {i5(n)} under PS. Integrating both sides
of (2.1.19) with respect to P yields the Markov property under P°. O

Our next step is to construct an invariant measure for the transition kernel
M. In most of this section we will assume that Eplogpy < 0, implying, by
Theorem 2.1.2, that T; < oo, P°-a.s. Whenever Epo(T}) < oo, define the
measures

T -1
Q(B) = Epo (Z 1{w(i)eB}> , Q(B) = % - 2;51)1 '

Using Lemma 2.1.12, one checks that under Assumption 2.1.1 and if Ep(S) <
oo then FpoT; < 0o, and Q(+) in this case is a probability measure.

Lemma 2.1.20 Assume Assumption 2.1.1 and Ep(S) < co. Then, Q(-) is
invariant under the Markov kernel M, that is

AB) = [[ Loeni,a)Q).
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Proof. We have
J [ 1oendti, d)quan)

= ZEPO(Tl > k; 1w(k+1)€B)

k=0
00 00

= ZEPO (Tl =k+ 1; lw(k+1)EB) + ZEpo (Tl > k+ 1; lw(kJrl)EB)
k=0 k=0

=P°(Ty < o0;@(T1) € B) + »_P°(Ty > k;w(k) € B).
k=1

But P°(T} < o0) =1 while P°(@(T1) € B) = P(w € B) = P(w € B), hence

o0

=S P(Ty > k;@(k) € B) = Q(B). 0
k=0

Define next

i=1 j=1

/1(&))2“%+ ll—l-ZHpj] .

It is not hard to check, by the shift invariance of P, that the condition

Ep(A(w)) < oo is equivalent to Ep(S) < oo, c.f. Section 2.1. We next claim
the

Lemma 2.1.21 Under the assumptions of Lemma 2.1.20, it holds that
dQ _
dP

Proof. Note first that by Jensen’s inequality, Ep(A) < oo implies that

Ep(logpo) < 0 and hence X,, —p00 00, P%-a.s., by Theorem 2.1.2. Let
f: 2 — R be measurable. Then,

Ti-1
/fdQ = Epo (Z f(@')) =Epo | > f(B'w)N;

i<0

A(w) .

where N; = {#k €[0,T1) : X}, =i} (note the difference in the role the index
i plays in the two sums!). Using the shift invariance of P, we get

[ 11Q =3 En(f6')E2N)

i<0

=Y Ep(F@)Eg-iuNi) = Bp | fw) | Y Bg-iN;

i<0 i<0
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Hence,

dQ 3
—< =N"Eg NG, (2.1.22)
P~

and the right hand side converges, P-a.s.
In order to prove both the convergence in (2.1.22) and the lemma, we
turn to evaluate ESN;. Define, for ¢ <0,

ni,0 = mln{k S T1 : Xk = 7/}

Oio =min{n;o <k <Ty: Xp_1 =4, X =i —1}
and, for j > 1,

Mij = min{ei,jfl <k<Ti: Xy = z}

0i; =min{n;,; <k <T : Xpy =i, X =i—1}

(with the usual convention that the minimum over an empty set is +00). We
refer to the time interval (6;;_1,7;,;) as the j-th excursion from ¢ — 1 to i.
For any j > 0, any i < 0, define

Usj ={#20: biy1; <bix <niy141}

Zij = {#k>0: X4y =1, X, = i,0i+1’j <k< ni+1,j+1} .
Note that U; ; is the number of steps from i to ¢ — 1 during the j + 1-th

excursion from ¢ to ¢ + 1, whereas Z; ; is the number of steps from ¢ to ¢
during the same excursion. The Markov property implies that

P; (Ui,z =ke, Zig=me,l=1,... :L‘{Ui’,j}i’>ia77i+1,L+1 < OO)

= — 7 - ¥ ¥ ¥/
o L \wi w; +w; w? + w; w) + w;

(2.1.23)

Defining U; = >, Ui j, Zi = 3_; Zi,j, and noting that P°({U; < oo} N{Z; <
o0}) = 1 because X,, = oo, P%-a.s., (2.1.23) implies that {U;} is under P2
an (inhomogeneous) branching process with geometric offspring distribution

of parameter w',wi +. Further,

i i

E(UilUit1, -+ ,Uo) = piUiz1

wO

E(ZilUitr,--- ,Uo) = w_i i+1 (2.1.24)

i

and using the relation N; = U; + U;41 + Z;, P%-a.s., we get

1
EJ(NilUita, ..., Uo) = EJ (Ui + Uis1 + Zi|Uiga, - - ,UO) = FE Ui

(3
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Iterating (2.1.24), one gets

1
EINi = —po---pit1-
w3

(3

Hence, using (2.1.22), and the assumption,

¥ E 1+Z:Hpj < 00, P-a.s.

i=1 j=1

which completes the proof of the Lemma. O

Remark: Note that dQ/dP > 0, P-a.s., and hence under the assumption

Ep(S) < oo it holds that @ ~ P. This fact is true in greater generality, see
the discussion in [69] and in Section 3.3 below.

Corollary 2.1.25 Under the law induced by Q ® PS, the sequence {w(n)} is
stationary and ergodic.

Proof. The stationarity follows from the stationarity of Q. Let 0 denote the
shift on 2 = 2N, that is, for @ € 2,0w(n) = @W(n + 1). Denote by P, the
law of the sequence {@(n)} with @W(0) = w, that is, for any measurable sets
B; C .Q,

?w(w(i) € B;i = 1,...,4)

:/ o [ M(w, dw" )M (!, dw?) - M(wbY dwt)
B, B,

and set @ = Q ® P,, (as usual, we also use Q to denote the corresponding
marginal induced on (2).

We need to show that for any invariant A, that is A € (2 such that
A = A, Q(A) € {0,1}. Set p(w) = P,(A), we claim that {o(@(n))} is a
martingale with respect to the filtration G, = o(w(0),...,@(n)): indeed,

@@ (1) = Pa(4) = Bg(10ma10a) = Eg(1416.) .

where the second equality is due to the Markov property and the third due
to the invariance of A. Hence, by the martingale convergence theorem,

p(@(n) — 1a, Q-as. (2.1.26)

Further, Q(p(w) & {0,1}) = 0 because otherwise there exists an interval [a, b]
with {0}, {1} € [a,b] and Q(p(w) € [a,b]) > 0, while

1 n—1
o Y Lp@m)elant = E@(l{mm))e[a,b]}ll) , (2.1.27)
0
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where 7 is the invariant o-field.
Taking expectations in (2.1.27) and using (2.1.26), one concludes that

0=0(p@0) € [a,0]) = Q) € [,1]),
a contradiction. Thus for some measurable B C 2, p(w) = 15,Q — a.s..
Further, the Markov property and invariance of A yield that M1p = 15,
(Q-a.s. and hence P-a.s. But then,

]-B = M].B Z w(')"lgB,P—a.s..

Since EA(w) < oo implies P(wg = 0) = 0, it follows that 15 > 145, P-a.s.,
and then Ep(1g) = Ep(lyp) implies that 15 = 1yp, P-a.s. But then, by
ergodicity of P, P(B) € {0,1}, and hence Q(B) € {0,1}. Since Q(4) =
Egp(w) = Q(B), the conclusion follows. 0O
We are now ready to give the:

Proof of Theorem 2.1.9 - Environment version We begin with case (a), noting
that the proof of case (b) is identical by the transformation w; — @_;, where
O =w;,0; =w/. Set d(z,w) = E*(X; —z). Then

(3

n

Xp =) (Xi—X;) = Z(Xz - X1 — d(Xi_1,w)) + Zd(Xi_l,w)

i=1 i=1

=My + Y d(Xi1,w). (2.1.28)
i=1

But, under P9, M, is a martingale, with |M,+1 — M,| < 2; Hence, with
gn = U(Mla e Mn):

B (M) = B (AMns By (XM Mo ]G, )

2
MMa—1 2 )

and hence, iterating, E° (e*») < e2n¥’ (this is a version of Azuma’s inequal-
ity, see [19, Corollary 2.4.7]). Chebycheff’s inequality then implies

M,
— =0, P%as.
n

(and even with exponential rate). Next, note that

n

o d(Xia,w) = Y d(0,3( - 1)

i=1

The ergodicity of {z(i)} under Q ® P2 implies that
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1 — _
- > d(0,@(i — 1)) — Eg(d(0,w(0)), @ ® Pl-as.. (2.1.29)
i=1

But,
E¢(d(0,55(0))
| Bp[AW)wi - wi)
Ep(A())
1+ Bp (wr [ 2+ S0 o] —wi [ + 502 i 4]
- Ep(Aw))

"~ Ep(A(w))  Ep(S(w))’

Finally, since Ep(A(w)) < 00, (2.1.29) holds also P°-a.s., completing the proof
of the theorem in cases (a),(b).

Case (c) is handled by appealing to Lemma 2.1.12. Suppose lim sup X,
= +00,P° — a.s.. Then, 7y < 00, P°-a.s.. Define 7€ = min(r;, K). Note that
under P9, the random variables {7/} are independent and bounded, and

hence, with GE =n=1 3" | 75 we have

IGEK - E°GE| -, 0, P —as.

But f(w) := ES7K is a bounded, measurable, local function on 2, and
E2GE =n=13"" | f(f'w). Hence, by the ergodic theorem, ESGE —,_,
E]pov—lK,P — a.s.. Since, by Lemma 2.1.12 we have EpoTlK Koo 00, We
conclude that

T .
liminf — E 7 > lim E]poTlK =00,P° —a.s.
n—oo n “4 7 K—o0

=

This immediately implies limsup,,_, ., X,/n < 0,P° — a.s.. The reverse in-
equality is proved by considering the sequence {7_;}, yielding part (c) of the
Theorem. 0O

Remark: Exactly as in Lemma 2.1.17, it is not hard to check that under
Assumption 2.1.1, it holds that

lim 1% = Ep(S), P°-—as. (2.1.30)

n—oo M

Bibliographical notes: The construction presented here goes back at least to
[45]. Our presentation is heavily influenced by [1] and [69].

2.2 CLT for ergodic environments

In this section, we continue to look at the environment from the point of view
of the particle. Our main goal is to prove the following:
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Theorem 2.2.1 Assume 2.1.1. Further, assume that for some € > 0,

—2+4¢

Eo(S™" (w) +5(8 *w)*™) < o0, (2.2.2)

and that

Z\/Ep Ep vps —1‘ (wiyi < n) )<oo, (2.2.3)

n>1

where vp = 1/Ep(S(w)). Then, with

opy = vpEq (w{f(?(w) 12 +wy (SO 'w) + 1) + wg) ,

and
opy = Ep(vpS(w) —1)* 42 f:Ep ((vpS(w) — 1) (vpS(6"w) — 1)) ,

we have that

X, —nv
P° (Zpi\/ﬁp > Q?) —n—o00 45(—.7[7),

where )
P(x) = — / e z
(z) e
and 03 = 0p, + VPO, -
Proof. The basic idea in the proof is to construct an appropriate martingale,
and then use the Martingale CLT and the CLT for stationary ergodic se-

quences. We thus begin with recalling the version of these CLT’s most useful
to us.

Lemma 2.2.4 ([26], pg. 417) Suppose (Z,,, Fn)n>o0 is a martingale differ-
ence sequence, and let Vo, =Y o<, E(Z2|Fr—1). Assume that

v
(a) — =00 02, in probability.
n

m<n

Then, Y1, Z;/o/n converges in distribution to a standard Gaussian ran-
dom variable.

Lemma 2.2.5 ([26], p. 419) Suppose {Z, }nez is a stationary, zero mean,
ergodic sequence, and set F, = 0(Z;,i < n). Assume that

S VE(E (ZolF 1)) < . (2.2.6)

n>0
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Then, {Z:il Zi/a\/ﬁ} o] converges in distribution to a standard Brow-
tefo,1
nian motion, where

0> =EZy+2Y E(ZyZ).
n=1

We next recall that by Theorem 2.1.9,

X
2 s vp, Plas.,
n

where vp := 1/Ep(S). One is tempted to use the martingale M,, appearing in
the environment proof of Theorem 2.1.9 (see (2.1.28)), however this strategy
is not so successful because of the difficulties associated with separating the
fluctuations in M, and Y | d(X;_1,w). Instead, write

f(z,n,w) =z —vpn+ h(z,w), z€Z.

We want to make f(X,,,n,w) into a martingale w.r.t. F,, := o(Xy,...,X,)
and the law PS. This is automatic if we can ensure that

EX f(Xpi1,n+ 1L,w) = f(Xp,n,w), PC-as. (2.2.7)

Developing this equality and defining A(z,w) = h(z + 1,w) — h(z,w), we get
that (2.2.7) holds true if a bounded solution to the equation

+ _ - _ j—
Alz,w) = — [u] + 2 Az —1,w0)
wa wa
exists. One may verify that A(z,w) = =1+ vpS(#*w) is such a solution.

Fixing h(0,w) = 0, and defining Mo = 0 and M, = f(X,,n,w), one
concludes that M, is a martingale, and further
B (M - T2 7)
= w}kv%(g(OX’“w) —-1)? + w;kv%(g(()x’“_lw) +1)” + wk vp

= vp [@(h)g B(@w) — 1 + Bk} (S07') + 1) +w(k)f] -

Hence,

1 & — _
== ZEZ ((Mk+1 - Mk)2|-7:k) — op,, Plas.,
n 1 n—00 k

Va
n
using the machinery developed in Section 2.1. The integrability condition

(2.2.2) is enough to apply the Martingale CLT (Lemma 2.2.4), and one con-
cludes that for any ¢ > 0,
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M
P||P? 2_ > —o(— 0) 2 nsoo 0. 2.2.8
( u’<0P,1\/77_I> ($)>> - 228)
Note that since both P9(M,, > zop;+/n) and ®(x) are monotone in , and

that @(-) is continuous, the convergence in (2.2.8) actually is uniform on R.
Further, note that

X,—1 nvp
WXp,w) = Y A(j,w) =Y A(j,w) + R i= Zn + R
j=1 j=1

Note that, for every § > 0 and some §,, — 0,

0 |Rn| o
P <\/ﬁ >0 <P (|Xn—m)p|25nn)

J+ .
A, w)
+P ! >0 ) = P ,(0p)+Ps n(0,6,) — 0,
j_,ﬂggl_a;gmnan)h;j_ Yk 1 (0n) + Pon(6,60) —
(2.2.9)

where the convergence of the first term is due (choosing an appropriate
0n —n—ooo 0 slowly enough) to Theorem 2.1.9 and that of the second one
due to EpA(i,w) = 0 and the stationary invariance principle (Lemma 2.2.5),
which can be applied, for any J,, =00 0, due to (2.2.3).
Another application of Lemma 2.2.5 yields that
lim P(Z, > z\/nvpopsz) = $(—z). (2.2.10)

n—o0

Writing X,, — nvp = M,, — Z, — R,, and using that R,/\/n —n—c 0 in
P°-probability, one concludes that

lim po(Xn =P

Jim. N z) = lim Ep(P)(Mn/Vn >z + Zn/V/n))

— lim Ep(d <_ w)), (2.2.11)

n—oo UP,l

where the second equality is due to the uniform convergence in (2.2.8). Com-
bining (2.2.11) with (2.2.10) yields the claim. O

Remark: The alert reader will have noted that under assumptions (2.1.1)
and (2.2.2), and a mild mixing assumption on P which ensures that for any
0 >0and d, = 0, P> ,(d,0) 2nsoo 0, cf. (2.2.9),

PO

w

X, —vpn— 272, )
Sn TP s ) o (7).
( N z) Fnooo $(-2)

That is, using a random centering one also has a quenched CLT.
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Exercise 2.2.12 Check that the integrability conditions (2.2.2) and (2.2.8)
allow for the application of Lemmas 2.2.4 and 2.2.5 in the course of the proof
of Theorem 2.2.1.

Exercise 2.2.13 Check that in the case of P being a product measure, the
assumption (2.2.2) in Theorem 2.2.1 can be dropped.

Bibliographical notes: The presentation here follows the ideas of [{5], as de-
veloped in [53]. The latter provides an explicit derivation of the CLT in case
P(w§ = 0) = 1, but it seems that in his derivation only the quenched CLT
is derived and the random centering then is missing. A different approach to
the CLT is presented in [1], using the hitting times {7;}; It is well suited to
yield the quenched CLT, and under strong assumptions on P which ensure
that the random quenched centering vanishes P-a.s., also the annealed CLT.
Note however that the case of P being a product measure is not covered in
the hypotheses of [1]. See [T] for some further discussion and extensions.

There are situations where limit laws which are not of the CLT type can
be exhibited. The proof of such results uses hitting time decompositions, and
techniques as discussed in Section 2.4. We refer to Section 2.5 and its bibli-
ographical notes for an example of such a situation and additional informa-
tion.

2.3 Large deviations

Having settled the issue of the LLN, the next logical step (even if not following
the historical development) is the evaluation of the probabilities of large
deviations. As already noted in the evaluation of the CLT in Section 2.2,
there can be serious differences between quenched and annealed probabilities
of deviations. In order to address this, we make the following definitions;
throughout this section, X denotes a completely regular topological space.

Definition 2.3.1 A function I : X — [0,00] is a rate function if it is lower
semicontinuous. It is a good rate function if its level sets are compact.

Definition 2.3.2 A sequence of X wvalued random variables {Z,} satisfies
the quenched Large Deviations Principle (LDP) with speed n and determin-
istic rate function I if for any Borel set A,

1 1 —
—I(A?%) <liminf — log PJ(Z, € A) < limsup — log P5(Z, € A) < —I(A)
n n

n—00 n—00

P-a.s. (2.3.3)

where A° denotes the interior of A, A the closure of A, and for any Borel set
F,

I(F) = inf I(). (2.3.4)
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Definition 2.3.5 A sequence of X wvalued random variables {Z,} satisfies
the annealed LDP with speed n and rate function I if, for any Borel set A,

1 1 —
—I(A°) <liminf — logP?(Z, € A) < limsup — logP°(Z,, € A) < —I(4) .
n—oo n n—oo T
(2.3.6)

Finally, we note the

Definition 2.3.7 A LDP is called weak if the upper bound in (2.3.3) or
(2.8.6), holds only with A compact.

For background on the LDP we refer to [19]. It is well known, c.f. [19, Lemma
4.1.4] that if the LDP holds then the rate function is uniquely defined. The
following easy lemma is intuitively clear: annealed deviation probabilities
allow for atypical fluctuations of the environment and hence are not smaller
than corresponding quenched deviation probabilities:

Lemma 2.3.8 Let {A,} be a sequence of events, subsets of 2 x Z™. Then,

1 1
¢ :=limsup — logP°(4,) > limsup — log P%(4,), P — a.s. (2.3.9)

n—oo N n—ooco N
Further,
N | N |
liminf — logP°(A,) > liminf — log PS(A4,), P — a.s. (2.3.10)
n—oo n n—oo n

In particular, if a sequence of X valued random variables {Z,} satisfies an-
nealed and quenched LDP’s with rate functions I,(-), I,(-), respectively, then,

I(z) <I,(z) ,Vz e X.

Proof. Assume first ¢ < 0. Fix § > 0 and let BS = {w : P2(A,,) > exp((c +
d)n)}. Then, by the definition of ¢, see (2.3.9), and Markov’s bound, for n

large enough,
P(B) < /2,

Hence, w € BS occurs only finitely many times, P-a.s., implying that for
P-almost all w there exists an ng(w) such that for all n > ng(w), P(Ay) <
exp((c + d)n) . Hence,

1
limsup — log PJ(A4,) <c¢+46, P—as.

n—oo I
(2.3.9) follows by the arbitrariness of § > 0. Next, set liminf,,_,o < log P?(A4,,)
:=¢; < e Define {n;} such that

1
lim — logP°(A,,) =c1.
0 08 F () = e
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Apply now the first part of the lemma to conclude that

¢1 > limsup — logP (Ayp,) > lim 1nf —log PS(A,,) > lim 1nf —log P2(Ay)

k—oo Nk k—oo Ny n—oo N

P —a.s.

The case ¢ = 0 is the same, except that (2.3.9) is trivial. This completes the
proof. O

Quenched LDP’s

The LDP in the quenched setting makes use in its proof of the hitting times
{7;}. Introduce, for any X\ € R,

(>‘ w) ( ATt 1{T1<OO}) f(Avw) = 10g<p()\,w)
GO\, P,u) = Mu— Ep (f(A,w)) .

We need throughout the following modification of Assumption 2.1.1.

Assumption 2.3.11

(B1) P is stationary and ergodic,

(B2) There ezists an ¢ > 0 such that P(wi ¢ (0,¢))P(wy & (0,¢)) =1,

(B3) Plwf +wy > 0) =1, P(wd > 0,wiwy, = 0) =0, and Plw =
0)P(wg =0)=0.

Note that we allow for the possibility of having one sided transitions (e.g.,
moves to the right only) of the RWRE. This allows one to deal with the case
where “random nodes” are present.

Define

pmin := inf[p 1 P(py < p) > 0],
Pmax = sup[p : P(po > p) > 0],
0 o = supla : P(w) > a) > 0].

wmax

With Py denoting the restriction of P to the first N coordinates {w;} N,
we say that P is locally equivalent to the product of its marginals if for any
N finite, Py ~ @V P;.

Finally, we say that a measure P is extremal if it is locally equivalent to
the product of its marginals and in addition it satisfies the following condition:

(C5) Either pmin < 1 and pmax > 1, or if pmin > 1 then for all § > 0,
P(po < pmin + 6, w) > W, —68) > 0, or if ppax < 1 then for all § > 0,
P(po > pmax — 0, w) > wd .. —68) > 0.
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Note that (C5), which is used only in the proof of the annealed LDP, can
be read off the support of Py and represents an assumption concerning the
inclusion of “extremal environments” in the support of P. The introduction
of this assumption is not essential and can be avoided at the cost of a slightly
more cumbersome proof, see the remarks at the end of this chapter.

For a fixed ¢ > 0, we denote by M;° the set of probability measures
satisfying Assumption 2.3.11 with parameter ¢ in (B2). Define also the maps
F: 0~ Qby (Fw)i =w,, (Fw), =w;, and (Invw);, = (Fw)_j. We now
have:

Theorem 2.3.12 Assume Assumption 2.3.11.
a) The random variables {T,,/n} satisfy the weak quenched LDP with speed
n and convex rate function

I (u) = sup G(\, Pyu).
AER

b) Assume further that Eplogpy < 0. Then, the random wvariables X,/n
satisfy the quenched LDP with speed n and good convex rate function

vIp? (1) ,0<v<1
IL(v) = .
p) v] (Ip’q (ﬁ) —Ep(logp0)> , —1<v <0
and
IL(0) = lim vIp*? 1 .
P v]0 P v

¢) Finally, if Eplog po > 0, define P™ := Polnv ~". Then, Epw- (log po)
< 0, and the LDP for (X, /n) holds with good convex rate function

IL(v) = I?JIDV (—v).

Proof. It should come as no surprise that we begin with the LDP for T;,/n.
We divide the proof of Theorem 2.3.12 into the following steps:

Step I: Eplogpg < 0, quenched LDP for T,,/n with convex rate function
I ()
(I.1) upper bound, lower tail: PJ(T,, < nu)
(1.2) upper bound, upper tail: P5(T,, > nu)
(I.3) lower bound

Step II: Eplogpy > 0, quenched LDP for T, /n with convex rate function
Ip%(-) + Ep(log po),
Step IIL: quenched LDP for X,,/n with convex rate function I} (-).
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As a preliminary step we have the following technical lemma, whose proof is
deferred:

Lemma 2.3.13 Assume P € M{° and Ep(logpo) < 0; Then
(a) The convex function I5?(-) : R = [0, 00] is nonincreasing on [1,
nondecreasing on [Ep(S),00). Further, if Ep(S) < oo then I (Ep(S))
(b) For any 1 < u < Ep(S), there exists a unique Ao = X\o(u, P) such that
Ao <0 and

P(dw) . (2.3.14)
A=Xo

d
u= [ - log p(A\,w)

Further,

inf  Ao(u, P) > —cc. (2.3.15)
PeMp*

(¢) There is a deterministic Acrit := Aerit (P) € [0, 00| such that

<00, A<Agit, P -as.
p(A,w)
=00, A>Aait, P -a.s.

with Aerit < 00 if Plwiwy, = 0) = 0. In the latter case, ES(ert™) <
e~ et Je P-a.s., and with

E° Acrit T1
00, Ep [7“’@6 )] =00

Eg (e*cm 1)
Ep <d;-l)‘ log p(\, w) > . Ep [M] < o0,

Eg (e*cm 1)

Ucrit =

A=Xcrit

and Ep(S) < u < Ueit, there exists a unique Ao := Ag(u, P) such that Ay > 0
and (2.3.14) holds.
(d) Assume P is extremal and further assume that pmax < 1. Then,

2(1— wronax)\/ pmaX)
1+ pmax -

>\crit = X == IOg <w21ax +

Further, define

ot = (1 - wglax)/(]- + pmax) , W = pmaxa]+ ) @ = wglaxa
and let O™ denote the deterministic environment with &J}c“i“ = w. Then, for
any A < Aerit, and any w such that w? < w2 ., pi < pmax,

o\, w) < p(\,O™m) < 0o (2.3.16)

Step I.1: Obviously, it is enough to deal with u < Ep(S). Indeed, for u >

Ep(S) we have by (2.1.30) that P°(T,, < nu) — 1, and there is nothing
n o0
to prove. Next, by Chebycheft’s inequality, for all A <0,
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n
< ef)\nu Ef) <€)‘ i Ti> — e*)\nu H Egiw <6)\T1>
i=1

n
= g A H o(\,0'w), P-as.
i=1

|

Q
N\
|53

A

IS
N——

A

(2.3.17)

where the first equality is due to the Markov property and the second
due to 7; < 00, P? - a.s. (the null set in (2.3.17) does not depend on \).
An application of the ergodic theorem yields that

1 - ;
- 10g1:[ o\, 0'w) — Ep (f()\,w)) , P-as.
first for all A rational and then for all A by monotonicity. Thus,

1 T,
lim sup — log PJ (— < u> < —sup G(\,P,u), P-as.
n n

n— o0 A<0

Note that if Ep(S) = oo then clearly Ep[log E%(e*™)] = oo by Jensen’s

inequality for A > 0, and then sup, <, G(A, P,u) = I5%(u). If Ep(S) < oo

then, because u < Ep(S5), it holds that for any A > 0,

M — Epf(\w) <AEp(S) — Epf(Mw) <0,

where Jensen’s inequality was used in the last step. Since G(0, P,u) = 0,
it follows that also in this case sup,<, G(A, P,u) = I;%(u). Hence,

1 Tn T - T

li?asogp - log P (7 < u> < —Ip%(u) =— Uljr%fu Iz (w),
where the last inequality is due to part a) of Lemma 2.3.13, completing
Step L.1.

Step 1.2: is similar, using this time A > 0.

Step I.3: The proof of the lower bound is based on a change of measure
argument. We present it here in full detail for 4 < ucrig- Fix Ao = Ao (u, P)
as in Lemma 2.3.13, and set a probability measure @7, ,, such that

dQg, 1 0
AP~ Znpy, ¥ (AUT”) » Ine =B (eXp (AUT")) ’
and let @Zn denote the induced law on {7 ,..., 73, }. Due to the Markov

property, @Zn is a product measure, whose first n marginals do not

depend on n, hence we will write @Z instead of @Zn when integrating

over events depending only on {7;};<,. But, for any § > 0,
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0 Tn
Pw<7€(u—6,u+6))

> exp(—nu/\o —nd|Ao| + Zloggp(,\(), 0@))@3 <‘& —u
n

)

i=1
(2.3.18)
By the ergodic theorem and the fact that u < w¢, it holds that
E@Z (Tn/n) —nooo Ep <E§Z (7'1)) =u ,P - a.s. (2319)

where we used again (2.3.14). On the other hand, again because Ay < Aerit it
holds that there exists an n > 0 such that

Ep (E@: (Wl)) < o0,

—o (|T;
n

Combining (2.3.20) with (2.3.18), we get

implying that

> 6) — 0,P - as. (2.3.20)
n—o0

1 T,
liminf — log P) <7" € (u—4du+ 6))

n—oo N

Y%

RS IS i
—uXg — 0] Ao| + hnrgloréf - Zlogcp(/\o,ﬂ w)
i=1
= —uXp — 0| Ao| + Ep(log p(Ao,w))
= —G(Xo, P,u) — 8|Xo| = —I5"(u) — 6] Xo|, P - as.

where the first equality is due to the ergodic theorem and the last one to
Lemma 2.3.13. This completes Step 1.3 when u < e, since & > 0 is arbi-
trary. For u > ucit, the proof is similar, except that one needs to truncate
the variables {7;}, we refer to [12, Theorem 4] for details. Step I is complete,
except for the:

Proof of Lemma 2.3.13 We consider in what follows only the case P(wjw, =
0) = 0, the modifications in the case where random nodes are allowed are left
to the reader.
a) The convexity of I5%(+) is immediate from its definition as a supremum of
affine functions.

As in the course of the proof of Step I, recall that

SUPx<o G(/\> U, P) y U < EP(E)
Squ()\,U,P) = SUPx>o G(A,U,P) y U > EP(S)
AGR 0, u=Ep(S).
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The stated monotonicity properties are then immediate.
b)+c) Recall the path decomposition (2.1.13). Exponentiating and taking
expectations using 71 < oo, P? - a.s., we have that if (), w) < oo then

P\ w) = wi e* +w et p(\,w) +wy erp(A w) p(N, 07 w) . (2.3.21)

Thus (X, w) < oo implies @(A, 0 w) < oo, yielding that 1,y u)<oo is con-
stant P - a.s., and hence for all A rational, P(p(\,w) < oo) € {0,1}. This, and
the monotonicity of ¢(\,w) in A, immediately yields the existence of a deter-
ministic Aeit- (We note in passing that (2.3.21) gives, by iterating, a repre-
sentation of p(\,w) as a continued fraction, but we do not need this now.) We
also conclude from (2.3.21) that for A < Ay it holds that p(A,w) < e /e,
P-a.s., which implies by monotone convergence that ¢(Aeit,w) < 00, P-a.s.
Next, for A < 0 we have that

o T e)crl
g0) 1= %P(dw): / % log (A, w) P(dw) .

Further, g(0) = Epo(71), whereas g(-) > 1 is strictly monotone increasing,
satisfying g(\) - 1. This implies (2.3.14). Finally, to see (2.3.15), note
—

—00
that

E° (1 €M) < w[fe)‘ + E, (1 e’ 1:,>2)

1<
- Eg(er) w et
3X/2
ce C
<1+ ——<1+-€e"? — 1,
wg e € A——oo0

where ¢ is a constant independent of w or A. Hence, g(\) - 1 uniformly
——00
in M.
d) Assume that P is extremal. The first inequality in (2.3.16) follows
from a simple coupling argument: let () := E2..;, [e’1]. By the recursions

(2.3.21), it holds that if ¢()\) < oo then as long as A < X it holds that

(1 —wl.e) — /(1 -

= (/\) _ max max

er)? —doto—e??
20~ eA '

Thus, we have to show that if A > A then E2(et) = oo, P-a.s. Since
E?....(e’™) = 00, we may find an M large enough such that E,...(e’ 1, <ar)
> 1/e+1. Since the last expression is local, i.e. depends only on {w; ;:A{)[“, it
follows (from the assumption of local equivalence to the product of marginals)
that with P positive probability, E°(e*™) > 1/e, and hence by part (c) actu-
ally E9(e*™) = oo with P positive probability, and hence with P probability
1. O

Remark: Before proceeding, we note that a direct consequence of Lemma

2.3.13 is that if Ep(logpg) < 0, then for u < Ep(S),
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Ip%(u) = dou — Ep(f(Xo,w)) = iléﬁGO"P’“) >G(0,Pu) =0

since the function G(-, P,u) is strictly concave.

Step II: Recall the transformation Inv : 2 — 2 and the law P™ = Po
Inv —'. Proving the LDP for T}, /n when Ep(log po) > 0 is the same, by space
reversal, as proving the quenched LDP for T, /n under the law P™ on the
environment. Note that in this case, Epmv (log po) < 0, and further, P € M;**
implies that P'™ € M;*°. Thus, Step IT will be completed if we can prove a
quenched LDP for T_,/n for P € M;*° satisfying Eplogpy < 0. We turn to
this task now.

Note that if P(w, = 0) > 0 then P3(T_,, < co0) = 0 for some n = n(w)
large enough, and the LDP for T_,,/n is trivial. We thus assume throughout
that w, > €, P-a.s. As a first step in the derivation of the LDP, we compute
logarithmic moment generating functions. Define, for any \ € R,

@()\,w) = E’f; (6)\1—_1 1{T71<OO}) ) ?(Aaw) = loga(kaw) .

Lemma 2.3.22 Assume P € M and further assume that min(wy,wy) >
€, P-a.s. Then,

Ep(f(\,w)) = Ep(f(\,w)) + Eplogpo . (2:3.23)

Proof of Lemma 2.53.22: Define the map I, : 2 — (2 by

[, k & [0,n]
S ()

Introduce
o\ w) = E%(eN ;1 < T_(n+1)) s Pp(Aw) = Eo(er 151, < Tint1)) -
We will show below that

Gn(Aw) = pn(A,0"w)P, 1 (A, w) = pn_1(X,0"w)P, (A, w) = F,(A,w).
(2.3.24)
Because min(wy,wy ) > €, P-a.s., the function log ¢, (\,w) and log®,,(\,w)
are P-integrable for each n. Taking logarithms in (2.3.24), we find that
Ep(logpn(A\,w)) — Ep(log®,,(A\,w)) does not depend on n. On the other
hand, both terms are monotone in n, hence by monotone convergence either
both sides of (2.3.24) are +o00 or both are finite, in which case

A w
Er(logp(\ ) ~ Bp(log(n ) = Br (1og (225223} ) = ~Ep(log n),
%o (>‘7 W)
yielding (2.3.23).
We thus turn to the proof of (2.3.24). It is straight forward to check, by
space inversion, that F, (A, Inw) = Gy (A,w). Thus, the proof of (2.3.24) will
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be complete once we show that F, (), I[,w) = F,(\,w). Toward this end, note
that by the Markov property,

Bu(\w) = EL(X"; Ty < Typ)
=E (N1 T, < Ty)
+ E2(erMn s T, < T_)EM (M1 Ty < Thya).-

Hence, defining
Bo(\w) :=E° (-1 T_, < T,),

Crn(\w) := Eo (M T, < T_y),

one has, using again space reversal and the Markov property in the second
equality,

Fo(\w) = EMeMNr+1; Ty < To)ES (N1 Ty < Ty)
+ En(erMrrr s Ty < To)EM (M1 Ty < T )ES (N T < T-y)
= B, (A, w)B,(\, L,w)
+ EM (A Ty < To)EM(er0 5 Ty < Tyt )ES (N1 Ty < Thya)
ES(eMr; T, < Ty)
= B,(\,w)B, (A, [w) + C,(A,w)Cpr, (A, [,w) F (A, w)

implying the invariance of F,(A,w) under the action of I, on {2, except
possibly at A where C,,(\,w)C,, (A, I,w) = 1. The latter A is then handled by
continuity. This completes the proof of Lemma 2.3.22 O

Step II now is completed by following the same route as in the proof of Step
I, using Lemma 2.3.22 to transfer the analytic results of Lemma 2.3.13 to
this setup. The details, which are straightforward and are given in [12], are
omitted here. O

Remarks: 1. Note that the conclusion of Lemma 2.3.22 extends immediately,
by the ergodic decomposition, to stationary measures P € M*°.

2. Lemma 2.3.22 is the key to the large deviations principle, and deserves
some discussion. First, by taking A 1 0, one sees that if Ep(logpg) < 0 then
Epllog P5(1—1 < 00)] = Ep(logpo). Next, let 7_1,7_2,7_3,...,7_n have the
distribution of 7_1, 7_9, 7_3,...7_n under PJ conditioned on T_n < o0.

In fact the law of {7_;}Y, does not depend on N. This can be seen by a
discrete h-transform: the distributions of XglN = (Xo,...,X7_p) under
PS5, conditioned on T_n < oo, N = 1,2, ... form a consistent family whose
extension is again a Markov chain. To see this, let ]5£7N = PI(-|T_N < 00),

restricted to XOT’N. Denoting =¥ := (z1, ..., z,), compute (with z; > —N),
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ég,N(Xn%-l = zn+ UX]" = 2¥)

B N(Xnp1 =@+ LXT =a])

PS,N(Xf = z7)

P Xpp1 =2+ LX] =27, T § < 00)
B Pg(XInZZE?,T_N<OO)
Po (X1 =an+ LXT =27) PP 1 (TN -2, -1 < 0)

P(XT = at) Pgey y(T-N—z, < 00)

= PJ(Xnt1 = 2p+1|XT = af) Ppen+1, (T-1 <00)

= w;rn Peomn‘*'lw(T—l < OO) )

where we used the Markov property in the third and in the fourth equality.
The last term depends neither on N nor on z~!. Therefore, the extension of

(P.,N)n>1 is the distribution of the Markov chain with transition probabili-
ties @O = wi Ppit1, (T-1 < 00),&0Y = w?, i € Z.In particular, 7_1,7 2,7 3, ...
are independent under P and, with a slight abuse of notations, form a sta-

tionary sequence under P°. Note now that if we set

N\, w) == Ez(eﬁ—l) . 2\ w)

= B e (2.3.25)

then Lemma 2.3.22 tells us that Epg(\,w) = Epp(\,w). In particular,
E% (71) = E%(r1) = Ep(S) if Ep(logpo) < 0 and, repeating the arguments
leading to the LDP of T,,/n, we find that the sequence of random variables
T_,/n, conditioned on T_,, < oo, satisfy a quenched LDP under P? with the
same rate function as T, /n!

Step III: By space reversal, it is enough to prove the result for Ep(log pg) <
0. Further, as in Step II, it will be enough to consider the case where
min(wy,wy ) > &, P-as. Since I5() is convex, and since z ~— zf(1/z)
is convex if f(-) is convex, it follows that I}(-) is convex on (0,1] and on
[—1,0) separately. If Aeri¢(P) = 0 then I5(0) = 0 and the convexity on
[—1,1] follows. In the general case, note that I} is continuous at 0, and
(IL)'(07) = —(I%)' (01)+ Ep(log po) . Note that for A < Agyig, by the Markov
property,

E(i)) (eATM 1T—1<TM) = Ef; (eAT71 17’—1 <TM)90(>" eilw)EZ (eATM) )

and hence,
1> Euo;(GAT_l1T_1<TM)<P(>\:9_1W) )

leading (by taking M — o0) to the conclusion that
P(Aw)p(A, 07 w) < 1.

Taking logarithms and P-expectations, we conclude that
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Epf(\w) + Epf(\w) <0.

Combined with Lemma 2.3.22, we deduce that for all A < Aeyit, 2Ep(f (A, w))
< —Ep(logpo) . Hence,

(I3)'(0%) = —Ep (log B, (™)) = =Ep (f Aeriv, w)) > 5 Ep(log po),

- N =

implying that (I5)'(07) < (I})'(0%), and hence that I}(
[-1,1].

Using the monotonicity of I57(-), c.f. the remark following the proof of
Step I, it follows easily that I%(-) is non increasing on [—1,vp] and non
decreasing on [vp, 1].

Let v > vp. We have

Xn TanJ n
P — > < P°(T < = P° < .
(n —“>— {UMER) “(anJ = anJ)

Step I and the monotonicity of I;?(-) now imply

is convex on

lim sup 1 log P? <& > v) < —vlpt? <1> ,
n—oo T n v
which yields the required upper bound by the monotonicity of I%(-). The
same argument applies to yield the desired upper bound on PJ (%= < v) for
v < 0, by considering the hitting times TT,,1.
In the same way, for any 0 < n < §/2,

n

X
P (049222 > 0-0) 2 P2((1 =m0 < Ty <),
hence, from Step I it follows that for v > 0,

liminfl log PS (ﬁ €(w—-14v+ 6)) > —vlp? (1_77) , P—as.,
n—oo M n (%

and the lower bound is obtained by letting 7 — 0. The same argument also

yields the lower bounds for v < 0, using this time the function I,7%(:).
Next, we turn to evaluate an upper bound on P3(X,,/n <v),0 <v < vp,

with vp > 0. Starting with v =0, let ,0 > 0, with 6 < vp. Then,

P°(X, <0)< P° (T[m;] > n)+P;j (T[m;] <n, % < 0) (2.3.26)

Tins)
néd

< PS(T[mS] Zn)+ > PS(
1/n<k,l;(k+l)n<1/é

o T_ néd 0
v, (—L € [im, (1 + D) > P(Xw<0),
—2ndn<m—n(1—(kH)dén) <0

€ [k, (k + 1)) )
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by the strong Markov property. Define the random variable

1
a = lim sup — sup log P (X, <0)

n—oo T m:—2nén<m—n<0
and note, using the inequality

Pj(X, <£0) > PJ(X,, <0) i.ggpeoiw[Xn—m = —(n —m)]
with a worst-environment estimate, that

1
a — Cén < lim sup - logPS[X, <0l <a (2.3.27)

n—o0

with C = —2loge > 0. The first two probabilities in the right-hand side of
(2.3.26) will be estimated using Step I. By convexity, the rate functions 157
and I,”" := I;" — Ep(log py) are continuous, so that the oscillation

w(d;n) =
max{|Ip?(u) — Ip* (u")| + 157 (u) = Ip7" (u) u, ' € [1,1/6], |u —u'| < n}
tends to 0 with », for all fixed §. From the proof of Step II, it is not difficult

to see that the third term in the right-hand side of (2.3.26) can be estimated
similarly (it does not cause problems to consider Py, —instead of PJ):

T [ng)
nd

1 —r
lim sup — log P;’[m;]w( e [in, (l+1)n))§ —5 (I5™(In) — w(d;n)) P—as.

n—o0

Finally, we get from (2.3.27) and (2.3.26)

< _74
a < Cén + max{—I}(9), 1/n§k,lr;1(113j(l)n§1/6
[—on(kIE(1/kn) +1IE5(—1/1n)) + 26w(d;n) + (1—(k+1+2)on)al} .
By convexity and since § < wvp, it holds kIL(1/kn) + IT5H(—1/ln) > (k +
DIL(0) > (k+1)I%(6), and therefore a' := a + I} (6) is such that

+
'<C6 26w(d; 20nI% (8 1—(k+1+2)dn)a’] ) .
aCon(, o  2Bu(in) + 200040) + (1= (6 + 1+ 20n)a])
Computing the maximum for positive a', we derive that 2a’ < Cn+2(w(d;n)+
nIt(9)). Letting now n — 0 and § — 0, we conclude that

1
lim sup — log P} (Xn < O)S —IL(0) , P—as. (2.3.28)
n

n—o0

In fact, the same proof actually shows that
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1
lim sup — log P} (3( >n: X, < O)S —I1(0) , P—as. (2.3.29)

n—oo T

For an arbitrary v € [0,vp), we write
Po(ﬁ <v)<P"(3€>n:Xg<nv)<P"(T >n)
w\ 7y = ) e = > Py \dnv] Z

TTL’U
+ 3 Pg(% € [ke, (k+1)e))P0"[M]w(EI£ > n—n(k+1)n: X, < 0)
kv /n<k<l/n
(2.3.30)

where the two first probabilities in the right-hand side can be estimated using
Step I, and concerning the last one we note that from (2.3.29) one has that

m log Pyia.y, (3( >n—nk+1)n: X, < O) —nooo —IH(0),
in probability, and hence a.s. along a random subsequence. Therefore,

1
liminf — log PS (Elé >n:X; < m;)

n—,oo N

<limsup | —IL(v)V max [—knli(v/kn)—(1—k Iq0>
<timsup (~I5()V | max [=kalp(o/kn) = (= kn)IE(0)

= —I%() , (2.3.31)

by convexity. But, due to Kingman’s sub-additive ergodic theorem, the left
hand side of the last expression converges P-a.s., resulting with

1
lim sup — log P? (Xn < m;) < -I}t(w), P-—as.

n—oo N

The upper bound for general subsets of [0, 1] follows by noting the convexity
of IL(-). O

Remarks 1. If P is extremal, a simpler proof of (2.3.28) can be given. Indeed,
note that I5(0) = Aerit (0), and, by extremality,

P5(X, <0) < P,(X;m <0, somem > 0) < Pymin (X, <0, somem > 0)

< i P&)mi“(Xm < 0)

m=n

A simple computation reveals that Pymin(X,, < 0) < Che™™ for any A <
Acrit, yielding that

1
limsup — log P3(X, <0) < —-I%(0), P—a.s. (2.3.32)

n—oo I
2. A lot of information is available concerning the shape of the rate function
I%L(), and in particular concerning the existence of pieces where the rate
function is not strictly convex. We refer to the discussion in [12] for details.
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Annealed LDP’s

The LDP in the annealed setting also makes use of the hitting times T},
and T_,,. For technical reasons, we need to make stronger hypotheses on the
environment. To state these, define the empirical process

n—1
1
Ry (w) =~ > Gpe -
=0

R, takes values in the space M (f2) of probability measures on (2, which we
equip with the topology of weak convergence. We also need to introduce the
specific relative entropy

limy oo ~H Py), Q) stationar
h(-|P) : My(£2) + [0, 00], h(Q|P) ::{oo woe wH(QIEw) (?therwise ’

where QQn, Py denote the restriction of @, P to the first N coordinates
{wi}¥5! and H(|-) denotes the relative entropy:

H(uly) = { Jlog (4 (@) m(da), p < v

00, otherwise

Assumption 2.3.33

(C1) P is stationary and ergodic

(C2) There exists an e > 0 such that min(wy ,wy) >¢e, P — a.s.,

(C3) {R,} satisfies under P the process level LDP in M, ((2) with good rate
function h(-|P),

(C4) P is locally equivalent to the product of its marginals and, for any
stationary measure n € My (§2) there is a sequence {n™} of stationary,
ergodic measures with n"™ —= n weakly and h(n"|P) — h(n|P).

(C5) P is extremal.

We note that product measures and Markov processes with bounded tran-
sition kernels satisfy (C1)—(C4) of Assumption 2.3.33, see [27, Lemma 4.8]
and [23].

Define now

TRt ) = _inf (1590 +hOAP)]  TeW) = _inf  [130) + elhnlP)]

We now have the annealed analog of Theorem 2.3.12:

Theorem 2.3.34 Assume Assumption 2.3.33. Then, the random wvariables
{T,/n} satisfy the weak annealed LDP with speed n and rate function I5*(") .
Further, the random variables X,,/n satisfy the annealed LDP with speed n
and good rate function IE(-).
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Proof. Throughout, M;° denotes the set of stationary probability mea-
sures 1 € M;i(f2) satisfying suppno C supp Py. If Ep(logpo) < 0 then
Aerit = Aerit(P) is as in Lemma 2.3.13, whereas if Ep(logpg) > 0 then
Acrit = Acrit (PIHV)-

Let MS5F = {u € M : suppuo C supp Po}. The following lemma,
whose proof is deferred, is key to the transfer of quenched LDP’s to annealed
LDP’s:

Lemma 2.3.35 Assume P satisfies Assumption 2.3.33. Then, the function
A) = [ F\w)p(dw) is continuous on M x (=00, Aerit]-

Steps I.1 + I.2: weak annealed LDP upper bound for T}, /n: We have,
for A <0,

P° (T, /n < u) < e X™E° | exp AZTJ Lrj <ooj=1,n

j=1
n n—1
_ ef)\nuEP H EZ (e)\‘rj 1-rj<oo) — efknuEP exp Z f(/\, ij)
j=1 =0

=e MUEp <exp <n / f(A,w)Rn(dw)>> . (2.3.36)

By Assumption 2.3.33, {R,} satisfies a LDP with rate function h(:|P).
Lemma 2.3.35 ensures that we can apply Varadhan’s lemma (see [19, Lemma
4.3.6]) to get

hg;sogp - log Ep (exp <n / f(/\,w)Rn(dw)>>

sup [ / FOL ) (dw) (n|P)}. (2.3.37)

neMsa

Going back to (2.3.36), this yields the upper bound

limsup — log]P> (Tn/n <wu) < 1nf sup [/f (N, w)n(dw) (n|P)—)\u}

n—o0 eMs €

= —sup inf [G(A,n,u)+h(nlP)]. (2.3.38)
A<0nEM;

Since n = — [ f(A, w)n(dw)+h(n|P) is lower semi-continuous (for A < 0) and
M, (£2) is compact, the infimum in (2.3.38) is achieved for each A, on measures
in M;°, for otherwise h(n|P) = co. Further, by (2.3.15), the supremum over
A can be taken over a compact set (recall that co > u > 1!). By the Minimax
theorem (see [64, Theorem 4.2] for this version), the min-max is equal to the
max-min in (2.3.38). Further, since taking first the supremum in A in the right
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hand side of (2.3.38) yields a lower semicontinuous function, an achieving 7
exists, and then, due to compactness, there exists actually an achieving pair
X, 7. We will show below that the infimum may be taken over stationary,
ergodic measures only, that is

inf sup (G(\,m,u) + h(n|P)) = inf sup(G(\,n,u)+ h(n|P)) .

neEM;® A<0 nEM® A<0
(2.3.39)
Then,
R.H.S. of (2.3.38) = — inf sup(G(\,n,u) + h(n|P))
nEM;® x<0
=— inf inf (177 h(n|P)) . 2.3.40
ne‘}\};-ei%u( 74 (w) + h(n|P)) ( )

The second equality in (2.3.40) is obtained as follows: set M, = {n € M :
E,(E2(11|m < 00)) > u}, My ={n € M7 : E,(ES(m1|m1 < 00)) < u}. For
n € My,

inf I;7(w) = I;>?(u) = sup G(A\,m,u) = sup G(A, n,u) .

w<u AER A<0

Further, recall that I»9(-) is convex with minimum value max(0, E; (log po))
achieved at E,(E?(mi |1 < 00)). Then, for n € M, ,

inf 1;7%(u) = max(0, £, (log po))

w<u
whereas Jensen’s inequality implies that for such 7,

sup G(Aa 7, U’) = G(07 7, U) = max(O, En (lOg PO)) )
A<0

completing the proof of (2.3.40). Hence,

1
lim sup - log P’ (T, /n < w) < — inf inf _(I7%(w) + h(n|P))

n—00 w<uneM;©

=- iréf I (w). (2.3.41)

Turning to the proof of (2.3.39), we have, due to (C4) in Assumption 2.3.33, a
sequence of stationary, ergodic measures with ™ — 7 and h(n™|P) — h(7|P).
Let A\, be the maximizers in (2.3.39) corresponding to ™. We have

it sup (3= [ 10vwm(@a)] +161P)) <[ v [ 10 @)

neEM;** A<0
+h(n™|P). (2.3.42)

W.lo.g. we can assume, by taking a subsequence, that A, — A* < 0. Using
the joint continuity in Lemma 2.3.35, we have, for ¢’ > 0 and n > Ny(¢'),
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Antt — / £ O ) (dw) + B P)

IN

vu— [ soc o] + e+ ¢

IN

inf sup ({Au _ /f(A,w)n(dw)] + h(n|P)> +e.

nEM;® X<0

But this shows the equality in (2.3.39), since the reverse inequality there is
trivial.

The upper bound for the upper tail, that is for L log Ploo > & STy >
u], where 1 < u < 00, is achieved similarly. We detail the argument since there
is a small gap in the proof presented in [12]. First, exactly as in (2.3.38), one
has

1
l ~ logP (T /n >u) < _inf ~G(\n,u) — h(n|P
imsup - logP?(Tn/n2u) < | _fnf n:}l\l};f[ (A, u) = h(n| P)]

=— sup inf [G(\,n,u)+h(n|P)] .
0 AL A erig NEMTS
(2.3.43)

One may now apply the min-max theorem to deduce that the right hand side
of (2.3.43) equals

inf  sup  [GO\m,u) +A@P) = inf  sup  [G(An,u)+h(P)],
NEMT " 0<A< Aarit NEMT® 0< A< Acri

where the second equality is proved by the same argument as in (2.3.39). Here
a new difficulty arises: the supremum is taken over A € [0, Aerit(P)], but in
general Acrit(17) > Aerit(P) and hence the identification of the last expression
with a variational problem involving I} *7(-) is not immediate. To bypass this
obstacle, we note, first by replacing n with (1—n"!)p+n"'P and then using
again (C4) to approximate with an ergodic measure, that the last expression
equals

{ner’EJ\crli?(fn):&rn(l’)}Osilglgcm (GO, ) + RGP

i From here, one proceeds as in the case of the lower tail, concluding that

1
lim sup - logP° (T, /n > u)

n—oo

< - inf sup [G(A,n,u) + h(n|P

- {ner’E,Acm(n):Amt(P)}09\9““[ o) gl

= — inf inf I"%(w) < — inf inf I"™%(w).
{ner’ErAcrit(Tl):)\crit(P)}U’Zu K ( )_ neMle’E w>u n ( )

This will then complete the proof of the (weak) upper bound, as soon as we
prove the convexity of I;*. But, the function
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sup inf [G(A,m,u) + h(n|P)]
AERNEM;®

— sup [)\u+ inf (- / f(A,w)n(dw)+h(n|P)>}, (2.3.44)

AER neM;y

being a supremum over affine functions in w, is clearly convex in u, while one
shows, exactly as in (2.3.39), that

inf sup [G(A,n,u) +h(n|P)]= inf sup[G(\,n,u)+ h(n|P)] (2.3.45)
NEMP® \eR nEM® AeR

and therefore

inf G\ m,u) +h(n|P)] = inf [I7(u) +h(n|P)] = I5*(u).
né?lf’iiléﬁ[ (A, u) Uitel nel?lle,s[n (u) (nP)] 5 ()

Recalling that, as we saw above, supremum and infimum in (2.3.44) can be
exchanged, this completes the proof of the upper bounds for the annealed
LDP’s for T, /n.

Step 1.3: Annealed lower bounds for 7, /n: We will use the following
standard argument.

Lemma 2.3.46 Let P be a probability distribution, (F,) be an increasing
sequence of o-fields and A,, be F,-measurable sets, n =1,2,3,.... Let (Q)
be a sequence of probability distributions such that Q,[A,] — 1 and

1
limsup — H(Qn|P)| < h

n—oo N Fn

where H(|P)‘f denotes the relative entropy w.r.t. P on the o-field F,, and

n
h is a positive number. Then we have

1
liminf — log P[A,] > —h.

n—oo n

Proof of Lemma 2.3.46. From the basic entropy inequality ([22], p. 423),

log2 + H(Q,|P) -
=, An € Fa,

QulAn] < log(1+ 1/P[A4,)])

we have —Qu[A,] log P[A,] < log 2+ H(Q.|P)

limits we obtain the desired result. O

We prove the lower bound for the lower tail only, the upper tail being handled
by the same truncation as in the quenched case, see [12] for details. For
n € M satisfying B, (logpo) < 0, define Q. as in Step 1.3 of Theorem
2.3.12, and let Q, = n(dw) ® Q,,. Let A, = {|n~'T,, — u| < 6}. We know

. Dividing by n and taking
Fn
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already that Q,,[A5] —3 0, 7 — a.s., and this implies Q,[A%] —3 0. Let
Fni=o({m}ly, {w]}jzfoo), Fo = U({Wj}?zfoo)- Note that
Qylz, = nlzy (dw) © Qg7 -
Hence,
H@;UPO) /H Q. IP2)] . n(dw). (2.3.47)

Considering the second term in (2.3.47), we have

/H ’|P%)

T, —»
=~ [ 108 Znnldo) + dalun) [ ()

n(dw)

Fn

1 - . Ty —o
=~ [ > g0, 8 n(d) + Do) [ ()
j=1
and we see, as in the proof of the lower bound of Theorem 2.3.12, that

1 oo
»[r@ie)|

n

n(dw) =2, Ao(u,m)u — By f(Xo(u,n),w) < Ip4(u).

Considering the first term in (2.3.47), we know that
limsup ~ H( P)| = haip)
imsup — = :
n_mop n n Fo n

Hence,
1
limsup — H(Q |]P’o)
n

n—o0

L <L) + halP),

and we can now apply Lemma 2.3.46 to conclude that for any n € M;"*
satisfying E; (log po) < 0 one has,

liminf Ep(A,) > — (I7%(u) + h(n|P)) .

n—oo

As in the quenched case, one handles n € M;° satisfying E,(logpo) > 0
by repeating the above argument with the required (obvious) modifications,
replacing Q., by Q. (-|T,, < o). This completes the proof of Step . 0O
Proof of Lemma 2.3.35: For £ > 1, decompose p(\,w) as follows:

Bl (M 15 <o) = B < k) + EJ (X500 > 71 > k)
= (\,w) + 5 (\,w), (2.3.48)

where (A, w) — log ¢ (A, w) is bounded and continuous. We also have
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cpg()\,w) ‘105(/\crit:w)
0<I 1+ =) <1 1+ =271
= °g< +¢?<A,w>> = °g< B

Hence, the required continuity of the function (u,A) = [ f(A,w)p(dw) will
follow from (2.3.48) as soon as we show that for any fixed constant C; < 1,

lim  sup /log <1 + M) p(dw) =0. (2.3.49)

K—>00 MeMls’E'P Cl

If pmin < 1 and ppax > 1 then one can easily check, by a coupling argument
using (C4), that Acrit = 0 (for a detailed proof see [12, Lemma 4]). Then, for
each €' > 0 there exists a x, = k(€’, 1) large enough such that,

Po(co > 1 > Ky)
E, (1l 1 = £ "
(s (1 Z 25 <

Further, in this situation, for stationary, ergodic u,

/ F0.w)ulde) = ( - / log po()p(d) ) A0 (2.3.50)

In particular, pn — [ f(0,w)p(dw), being linear, is uniformly continuous on
the compact set M;°. Therefore, using (2.3.48), one sees that for each such u
one can construct a neighborhood B,, of p such that, for each v € B, N M;"",

P° 1
E, <log<1+ 000 > 1 > iy + )>><e'.
Pg(7‘1<00)

By compactness, it follows that there exists an k = k(¢') large enough such
that, for all p € M,

PO
E, <1Og (HM)) <.

Pg(’l'l < OO)

Using the inequality log(1 + cz) < clog(1l + z), valid for z > 0, ¢ > 1, one
finds that for k large enough,

sup /log (1 + %1’@) p(dw) <€/Ch,

peEM;®

proving (2.3.49) under the condition pmin < 1, pmax > 1.

We next handle the case pmax < 1. We now complete the proof of Lemma
2.3.35 in the case puin > 1. We have f(\,w) > XA + logwg > A + loge. We
show that (A\,w) — ¢(\,w) is continuous as long as w; < W™, p; < Pmax
and A < Agig, which is enough to complete the proof. Write, for A < Acis,

E,(e’1:c00) = E (251 < ) + E, (2™ ;00 > 1 > K) (2.3.51)
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and observe that the first term in the right hand side of (2.3.51) is continuous
as a function of w and the second term goes to 0 for kK — 0o, uniformly in w.
More precisely, due to (2.3.16), for all w considered here,

B[00 > 11 > K] < Egmin (€M™ 71 > K) =400 0. (2.3.52)

Finally, in the case pgi, > 1, the conclusion follows from the duality formula
(2.3.23) and Remark 1 that follows its proof, by reducing the claim to the
case Pmax < 1. O

Step II: The proof is identical to Step I, and is omitted.

Step III: The proof of all statements, except for the convexity of I3, and
the upper bound on P°(X,, < nv), follow the argument in the quenched case.
The latter proofs can be found in [12]. O

Remarks: 1. We note that under the conditions of Theorem 2.3.34, if
Eplogpo < 0 then both I%(v) # 0 and I}h(v) # 0 for v € [0,vp]. Indeed,
since h(n|P) # 0 unless n = P, it holds that I%(v) = 0 only if I}(v) = 0.
If Eplogpo =0, vp = 0 and then for any v # 0, I} (v) = Jv|Ip?(1/|v]) > 0
by the remark following the proof of Lemma 2.3.13. On the other hand, if
Eplogpy < 0, the same argument applies for v > vp while for v < 0 we have
that I%(v) > —|v|Eplogpo > 0.

2. The condition (C5) can be avoided altogether. This is not hard to see if
one is interested only in the LDP for T,,/n. Indeed, (C5) was used mainly
in describing a worst case environment in the course of the proof of Lemma
2.3.35, see also part (d) of Lemma 2.3.13. When it is dropped, the following
lemma, whose proof we provide below, replaces Lemma 2.3.35 when deriving
the annealed LDP for T, /n:

Lemma 2.3.53 Assume P satisfies Assumption 2.3.33 except for (C5).
Then, it (P) depends only on supp(Py), and the map (p, A) = E,(f(A\,w))
is continuous on M x (=00, 0] U [0, Aerit)-

Given Lemma 2.3.53, we omit (C5) and replace (C4) in Assumption 2.3.33
by

(C4’) P is locally equivalent to the product of its marginals and, for any sta-
tionary measure n € My (§2) with h(n|P) < oo there is a sequence {n"} of sta-
tionary, ergodic measures, locally equivalent to the product of P’s marginals,
with supp((n™)o) = supp(Fo), 0" ;=2 n weakly and h(n™|P) = h(n|P).

One now checks (we omit the details) that all approximations carried out in
the proof of the upper bound of the upper tail of T, /n can still be done,
yielding the annealed LDP for T;,/n. To transfer this LDP to an annealed
LDP for X, /n does require a new argument, we refer to [16] for details.

We conclude our discussion of large deviation principles with the:
Proof of Lemma 2.3.53: Set = = supp (P) and define \ := inf,,c == Aerit (w)
where

Acrit (W) :=sup{A € R: E], (e)‘Tll{TKoo})}.
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By definition, Acris(P) > A. On the other hand, if A > X then there exists a
w € 5% with Eg(e’ 1¢;,<o0}) = 00. Fix K = e7*/e, and using monotone
convergence, choose an M large enough such that

(pM@()\) = Eg(eATll{.,-1<M}) > K+ 1.

Since @, depends only on {w;,i € (—M,0)}, it holds that with positive
P-probability, ES(e* 1, <py) > K + 1. But, if A < Aeig(P) it follows
from the recursions (2.3.21) that ¢(\,w) < K, P-a.s., a contradiction unless
A = Aaig (P). In particular, Ait(P) depends only on supp(Pp). Note that the
characterization of Aerit(P) as A implies that for any p € M; =P it holds that
>\crit (,U') > >\crit (P)

Next, as in the course of the proof of Lemma 2.3.35, see (2.3.49), it is
enough to show that for any A < Aeit(P),

lim  sup /(pg()\,w)u(dw) =0. (2.3.54)

K—00 MeMls’E'P

But, since o(\,w) < e~ /e p-as. for all € M=" (use again the recursions
(2.3.21) and that Acrig(p) > Aeris(P)), it holds that

Y

[ 50 wuds) < M,
yielding immediately (2.3.54). O
Bibliographical notes: The first quenched LDP result is due to Greven and Den
Hollander, [34], who proved it for i.i.d. environments using the method of the
environment viewed from the particle. Our derivation here follows the hit-
ting times approach developed in [12], except that the proof of Lemma 2.3.22
follows the article [58]. Extensions of the LDP’s in this chapter to more gen-
eral models allowing for (non geometric) holding times is presented in [16],
where the derivation avoids completely coupling arguments and thus bypasses
altogether the need for (C5) in deriving the annealed LDP for X, /n.

The “process level LDP” for R, was first proved in [23] in the context
of Markov chains with law P satisfying appropriate regularity conditions. It
was extended to various ergodic situation in [55] and [56], see also [11]. We
refer to [27] and [19, Chapter 6] for further information. Our presentation
of the annealed LDP follows here [12], where additional information on the
shape of the rate functions etc. can be found. Note that [12] treats the case
P(w§ = 0) = 1. In the exposition here, we corrected and simplified some
of the arguments in [12], following [16], where a RWRE with general (i.e.,
not necessarily geometric) holding times is considered. Finally, a completely
different approach to the derivation of the LDP, both annealed and quenched,
is described in [79].
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2.4 The subexponential regime

We saw in Section 2.3 that, at least when P satisfies Assumption 2.3.33 and
Eplogpy <0, we have that for any ¢ small enough, any v € [0, vp],

1 X,
lim —log P} (— € (v —5,v+6)>
n—oo N, n

n—oo N,

= lim llog]P’O (% € (v —6,v+6)> =0. (24.1)

Our goal in this section is to obtain more precise information on the rate of
convergence in (2.4.1). Surprisingly, it turns out that it is better to consider
first the annealed case.

Throughout this section, we impose the following assumption on the law
P. Together with (C4) there, it implies Assumption 2.3.33.

Assumption 2.4.2

(D1) There exists an € > 0 such that min(wg ,wy ) > €, P-a.s.

(D2) Pmin < 1, Pmax > 1, and Ep IngO < 0.

(D3) P is a-mizing with a(n) = exp(—n(logn)'*7) for some n > 0; that is,
for any (-separated measurable bounded by 1 functions fy, fo,

Ep(f1()(£ow) = Epf(w))) < a(0).

(functions f; are £ separated if f; is measurable on o(w;,j € I;) with I;
intervals satisfying dist(l;, I,) > ¢ for any i # k).
It is known that (D3) implies (C1) and (C3) of Assumption 2.3.33, see [10].
In particular, letting Ry := k™1 Zf;ol log p;, it implies that Ry satisfies the
LDP with good rate function J(-). We add the following assumption on J(+):
(D4) J(0) > 0.
Condition (D4) implies that Ep(log po) < 0. Define next s := miny>o ;J(y).

Note that the condition Ep(S) < oo and the existence of a LDP for Ry
with good rate function J(-) are enough to imply, by Varadhan’s lemma,
that 0 > sup, (y — J(y)), and in particular that s > 1. (In the case where P
is a product measure, we can identify s as satisfying Ep(p§) = 1, and then

Ep(S) < 0o, which is equivalent to Ep(py) < 1, implies that s > 1.)

Annealed subexponential estimates

Theorem 2.4.3 Assume P satisfies Assumption 2.4.2, and vp > 0. Then,
for any v € (0,vp) and any 6 > 0 small enough,

. logP® (32 € (v —6,0+9))
lim n

=1-s.
n—00 logn
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Proof. We begin by proving the lower bound. Fix 0 < v—60 < v—4n < v < vp;
let
L, = max{n >Ty: (k- Xn)}

denote the largest excursion of {X.} to the left of k after hitting it. Observe
that the event {n"'X,, € (v —d,v +J)} contains the event

—4
A= {(7}1)777)71 <Tw—2nqyn <1, Ly_2n)n < % sy Ton > n} , (244
P

namely, the RWRE hits (v — 2n)n at about the expected time, from which
point its longest excursion to the left is less than nn/2, but the RWRE does
not arrive at position vn by time n.

Next, note that by (2.1.4),

e’} i
Pg (L(v72n)n > 77”/2) < Z H Pv—2n)n+j - (245)
i=0 j=—(nn/2-1)

Hence, using the LDP for R}, we have for all n large enough

Pe (L(v—277)n > 77"/2) < i E(e("”/”i)ﬁnn/w)
i=0

< e—nnsupy(y—J(y))/4 < 6_61n (246)

for some ¢; > 0. Thus, for all n large enough,

(v —4n)n

Po(A4) > P° ( < Tlw—2mn <ny Top > n) —e m

vp

> E° <p£ <w < Tiy—amn < n>
vp

— 4nn —5
Pu(Jv mn <Tvn > E:L(vﬂ)n<nn/2>> —e "
>B-C —a(qn/2) — 20"

where

B="P° <w < Tiy—ap)n < n>
vp

and «a(-) is as in (D3).
Next, note that B =, 1 by (2.1.16). We will prove below that for any
o' >0,
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C>ntme2 (2.4.7)

and this implies that for all n large, P°(4) > n'=*=%"  which yields the
required lower bound (recall ¢’ is arbitrary!) as soon as we prove (2.4.7).

Turning to the proof of (2.4.7), fix y such that % <s+ %’, K = [n%],
k= [% logn], and set Mg = [yn/K]. Now, using (D3),

ﬂ{Rk 7K w) <y}

< (P(Ri(w) <

= (1= P(Rp(w)
< (1_ —k(J(1)+

) +mra(K —k)
> )) +mra(K — k)
JT)) +mga(K —k) <1-— pl=s=0"
for all n large enough. Hence,
P(Ej e {1, ,mx}: Rp(6<w) > y) > pl=s=d' (2.4.8)

On the other hand, let w and j < M be such that Ry (67%w) > y. Then,
using (2.1.6) in the second inequality, for such w,

dnn 4 .
Pe (Tm > L) > pik <Tk > ﬂ) > (1— e kv)¥r
vp

vp
1\ _ s
> <1——> T sevh . (24.9)
n

Combining (2.4.8) and (2.4.9), we conclude that

C>n'ms? e )
as claimed.
We next turn to the proof of the upper bounds. We may and will assume

that s > 1, for otherwise there is nothing to prove. We first note that, for
some ¢"' :=0"(0) > 0,

X X
P <—n € (v—6,v+5)> <P <—n <v+6>
n n

S P(Tvr2s) > n) + P?(Lo > nd)

< P(Ty(utas) > 1) + e?'n (2.4.10)
where the stationarity of P was used in the second inequality, and (2.4.6) in

the third. Thus, the required upper bound follows once we show that for any
v < wvp,any ¢ >0,
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PO(Tpy > n) < n'=st0 (2.4.11)

for all n large enough.

Set a := sup, (y — J(y)). Because s > 1 and J(0) > 0, it holds that a < 0.
Fix A > —s/a, and set k = k(n) = Alogn. Next, define the process {Y,} in
ZN and the hitting times Ty, = min(n > 0:Y;, = ik),i = 0,1,--- such that
the only change between the processes {X,} and {Y,,} is that the process
{Yo}, >, is reflected at position (i — 1)k (with a slight abuse of notations,
we continue to use P2, P to denote the law of {Y,,} as well as that of {X,,}).
Set my, = [vn/k] + 1, and %,El) =T — T(i—l)k;i =1,---,my. Note that the
?,gl) are identically distributed, each stochastically dominated by T}j. Hence,
E°Ty, < E°Tj,. On the other hand, fixing A € (1/s,1), we will see below
(cf. Lemma 2.4.16) that E° (Tkl/A) < ck'/* for some ¢ := ¢()), yielding, by
Holder’s inequality, that

BTy, < B2 (Ty) + PO(Lo > k)" B (T < B (Tr) + ckPO(Lo > k)~

Thus, using (2.4.6) and the fact that E°(T})/k = vp, we conclude that
limy_s00 B T} /B T}, = 1, implying that BTy /k =100 1/vp.

Next, note that on the event {L;;, < k for i = 0,---,my}, the processes
{X,} and {Y,,} coincide for n < T, . Hence

]P)O(Tnv > n) < ]P)O(kak > n) + mk]P)o(Lo > k?) . (2412)
But, as in (2.4.6), for k large enough

]P)O(Lo > k) < Ep(ek(EkthS)) < elogn(Aa+§’) < nfs+§/,

— Y

where 0" := 6" (0) =50 0. Since my, < n, the second term in (2.4.12) is of
the right order, and the upper bound follows as soon as we prove that, for n

large enough R ,
PO(Tonyre > n) <m0 (2.4.13)

To see (2.4.13), note that T, = 7% #, with B (7)) /k = E°(T})/k —
1/vp. Hence, for some n > 0, using that km; < v < vp,

my
PO (Tt > n) < P° (Z (77 - e @) > 4nn>
i=1
fma/al ]
<ap | S (%,54” _E (Tk)) > nn
i=1

Note that the quenched law of 7‘,540 depends on {wj;,j € I;} where I; =
{4i — k4 —k+1,--- ,4i + k}. Let {Fgf)} be i.i.d. random variables such
that for any Borel set G, P(FE:) €qG) = ]P"(%,Ei) € G). Then, by iterating the
definition of «a(-), one has that
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Frmi /4]
Py (%,g‘“) _E (Tk)) >an | <
i=1
Frma /4]
—(48) o (7 mya(2k)
P ; (rk E (Tk)) > | + TS (24.14)
We recall that ok
M (2R) sy (2.4.15)

4

The following estimate, whose proof is deferred, is crucial to the proof of
(2.4.13):

Lemma 2.4.16 For each k < s, there exists a constant c(k) < 0o such that
E°(Ty)" < c(r)k" . (2.4.17)
By Markov’s inequality, for any k < k' < s,

1
(mm)~'

where n is large enough and we used Lemma 2.4.16 and the fact that
E(F")) =B ((7\"7)~') < B (TF'). Hence, (see [54, (1.3),(1.7a)]),

PEM — BT > ) < BT\ — B < e

[ /4] ) )
P Z (F,(:M) — EF,(:“)) > nn
i=1

: 1
< [FPE —Br > m) + gt s <nt o,
Since k < s is arbitrary, this completes the proof, modulo the

Proof of Lemma 2.4.16 Note first that by Minkowski’s inequality, for any
kE>1,

k K
E° (Tf) = E° (Z Ti> < KB
i=1

Hence, it will be enough to prove that
E° (1) < o0 (2.4.18)

To prove (2.4.18), we build upon the techniques developed in the course of
proving Lemma 2.1.21. Indeed, recall the random variables U; ;, Z; ; and N;

defined there, and note that since 7 = Z?:_oo N;, it is enough to estimate
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0 ke 0 R 0 R
EO(Z Ni> =EO<Z Ui+Ui+1+Zi> scgEf’(Z Uz-)

(2.4.19)
An important step in the evaluation of the RHS in (2.4.19) involves the
computation of moments of U;. To present the idea, consider first the case

Kk > 2, and write
Uit

U_ZG

where, under P9, the G are i.i.d. geometrlc random variables, independent

of {Uit1,---Up}, of parameter — +. Hence,
2
U;+1 Uit
E(UD) = ES | Y (G — ESG)) + Z E°G (2.4.20)
j=1
2
U;+1
<eES | D (G- ELG) |+ (1+0)(BLG))* - ES(UZ)
j=1

< 5B (Ui) - EG(GS) + (1+ 0)p] EL(U4) -

Here, c3,cj are constants which depend on ¢ only. Since EZ(G?) is uniformly
(in w) bounded, and E?(U;t+1) = pi, we get

EL(U7) < cipiEGUira + (1 + 8)pi EZ(Uf) -

Iterating and using (cf. (2.1.24)) that ESU; 41 = H?:iJrl pj, we conclude the
existence of a constant c¢§’ such that

|| 0
p 0t < [ S T+ T a+o)]) .
J=0 \k=—j k=—j
and hence
|| 0 0
"> | Ep [[ oo +EBr [ (pi(1+5)) . (24.21)
Jj=0 k=—j k=—j

Note that, by Varadhan’s lemma (see [19, Theorem 4.3.1]), for any constant
B,

nh_}rrolo% log E° (kl_lnpk> = sup(ﬁy —J(y )) = Sgpy (5 - %) = B'(8),
(2.4.22)
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and B'(8) < 0 as soon as 8 < s. Hence, substituting in (2.4.21), and choosing
4 such that log(1 + 6) < p'(8)/4, we obtain that for some constant cj”,

E° (Uz2) < cduue—iﬁ’(Q)ﬂ,

implying that

A similar argument holds for any integer x < s: mimicking the steps leading
to (2.4.21), we get that

|| 0

0
By <e” | SO TT e+ I1 4k ) | -

=0 \k=—j k=—j
and using (2.4.22) and an induction on lower (integer) moments, we get that

K
E° (EO N') < oo for all kK < s integer. Finally, to handle [s| < & < s,

i=—o00 " '?

we replace (2.4.20) by
ES(UF) < GBS (UL ES(GE) + (1 + 8)pf B (UL,
< " (BLUPY AT 4 (14 8)pr BL(UE,)

and one proceeds as before. 0O

Quenched subexponential estimates

Theorem 2.4.23 Assume P satisfies Assumption 2.4.2, and vp > 0. Then,
for any v € (0,vp), any n >0, and any 6 > 0 small enough,

n—o0o n1*1/5+7’l

1 Xn
lim inf ————— log P? (— €(w—0,v+ 6)) =0, P-as. (24.24)
n
Further,

. 1 o [ Xn _
lim sup gy ey log P (7 < U> =—-00, P-as. (2.4.25)

n—o0

Proof. Starting with the lower bound, we have, using (2.4.4) and (2.4.5), that
for some 61 (w) > 0,

X -4
PR € (v=6,0+0) > P (—(” A T < n>
P

4
Pu()vin)n (Tvn > _nn: L(v—n)n<nn> — e lin,
vp
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By (2.1.16), P5(%= € (v — 6,0+ 6)) =noo0 1, P-a:s. On the other hand, as
in the proof of (2.4.8), fix y such that J(y)/y < s+46'/4, k= |(1—0")/ys],
and K = n®/%. Then, one checks as in the annealed case that

1

n?’

p(w ef{l, - mr}: Bp(0*w) §y) <

and one concludes by the Borel-Cantelli lemma that there exists an ng(w)
such that for all ng(w), there exists a j € {1,..., Mg} such that Ry (07 5w) >
y . The lower bound (2.4.24) now follows as in the proof of (2.4.9).

Turning to the proof of the upper bound (2.4.25), as in the annealed setup
it is straightforward to reduce the proof to proving

TL]LII;Q ﬁ log P(T,, > nfv) = —0. (2.4.26)
We provide now a short sketch of the proof of (2.4.26) before getting our
hands dirty in the actual computations. Divide the interval [0, nv] into blocks
of size roughly k = k, := n'/**%. By using the annealed bounds of Theo-
rem 2.4.3, one knows that P(T) > k/v) ~ k'~%. Hence, taking appropriate
subsequences, one applies a Borel-Cantelli argument to control uniformly the
probability Pf)k(T(iH)k > k/v), c.f. Lemma 2.4.28.
The next step involves a decoupling argument. Define

Then one shows that for all relevant blocks, that is ¢ = +£1,£2,..., £n/k,

Pik (T'(i+1)k # T(i41)k) is small enough. Therefore, we can consider the ran-

dom variables T'(; 1), — Tix instead of T; ;1) — Tix, which have the advantage
that their dependence on the environment is well localized. This allows us to
obtain a uniform bound on the tails of T(i+1)k — Tk, for all relevant i, see
(2.4.30).

The final step involves estimating how many of the k-blocks will be tra-
versed from right to left before the RWRE hits the point nv. This is done
by constructing a simple random walk (SRW) S; whose probability of jump
to the left dominates P (T(;41) # T(i11)x) for all relevant i. The analysis of
this SRW will allow us to claim (c.f. Lemma 2.1.17) that the number of visits
to a k-block after entering its right neighbor is negligible. Thus, the original
question on the tail of T, is replaced by a question on the sum of (dominated
by i.i.d.) random variables, which is resolved by means of the tail estimates
obtained in the second step.

A slight complication is presented by the need to work with subsequences
in order to apply the Borel-Cantelli lemma at various places. Going from
subsequences to the original n sequence is achieved by means of monotonicity
arguments. Indeed, by monotonicity, note that it is enough to prove the
result when, for arbitrary J small enough, n is replaced by the subsequence
n; = |_j2/6J, since TL]'_H/TL]' —?j—00 1.
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. C’n]‘nl'/s
Turning to the actual proof, fix C,, = n%, k = kj = 1 ]8 for some
1>e>0 b, =070 and [; = {—[H 1, [H +1}. Finally, fix

v' < v and T(;11)), as in (2.4.27). (We will always use T ;4 1), in conjunction
with the RWRE started at ik!). We now claim the:

Lemma 2.4.28 For P — a.e. w, there exists a Jo(w) such that for all j >
Jo(w), and all i € Ij,

Tk 1
pik (Z0EDR o 2 ) <p (2.4.29)
kj v’ ’

Further, for all j > Jo(w), and each i € I;, and for x > 1,
(ik) T(i+1)kj z [z/2]V1
P} — > o < (2by;) . (2.4.30)
J

Proof of Lemma 2.4.28. By Chebycheff’s bound,

P <pk(T<+7m >1)s b) < Lﬂmk(m > 1)

k; v! bn; k; v
1 1—s+o0(1)
< —k
>~ bn]- j )

where the last inequality follows from Theorem 2.4.3. Hence,

Tk 1 nj 1 st
ik (i+1)k; . J 1—s+o(1)
P (Pw ( b > v’) > by, for some i € I]> 3 [k]] b, k;

< 3 4
—nj_(s—o(l)—d) = j2(s—o(1)—6)

and (2.4.29) follows from the Borel-Cantelli lemma. (2.4.30) follows by iter-
ating this inequality and using the Markov property. 0O
Recall that a = sup,(y — J(y)) < 0 and let 0 < 0 < —3=17, d? =

_onl/s
e~ """ Cn  We now have:

Lemma 2.4.31 For P - a.e. w, there is a Ji(w) s.t. for all j > Jy(w), all
i€,
P (Tigan, # Tarw, ) <di, -

Proof of Lemma 2.4.31. Again, we use the Chebycheff bound:
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P(Pj,k(T(i+1)kj # T(i+1)kj) > dflj , some i € Ij)

1 ; _
s po (T, # T4, )
J

~db Tk

1 3nj
_dTnj : E - €Xp (—kja(l —¢/2))

—6 1.5 a
oo (5 (214))

where the second inequality follows again from (2.1.4) and the LDP for Ry.
The conclusion follows from the Borel-Cantelli lemma. 0O

We need one more preliminary computation related to the bounds in
(2.4.30). Let {Z,(cz,)}, i =1,2, ... denote a sequence of i.i.d. positive random
variables, with

w =

<3n

1—
J

A% A% [2/2]V1
P ! " = P ! 'z | = (2b,, , >1.
; <pu 0, ; >ux ( ]) x>

Note now that for any A > 0, and any € > 0,

()

(o [3250)) = [T (s oy,

[ log u ] )
o] . |V
< M) / (2b,) LA FE] gy

exn!(1+¢)
=M (+e) g, (2.4.32)
where g; =, 0.
In order to control the number of repetitions of visits to k;—blocks, we

introduce an auxiliary random walk. Let S;, t = 0,1,..., denote a simple
random walk with Sy = 0 and

P(St+1 :St+1‘5t) :1—P(St+1 :St—l‘St) —1-d .

1 1-1
Set Mnj = C—n] n]

Lemma 2.4.33 For 6 as in Lemma 2.4.31, and n large enough,
. nj Oc
P(lnf{t: S; = [k_—]} > Mnj) < exp —5n)
J

Proof of Lemma 2.4.33.
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P (e 5= (2]} ) <p (et < o)
J nj J )

Sim,.
:P( ][\/[ il 1—5> < 2 Mnjhn;(1=2)

where the last inequality is a consequence of Chebycheff’s inequality and the
fact that d < e. Here,

11—z x

Using hn(1 —2) > —2 — zlogd, we get

SM . 0 <
P (—][Wn’] <1 —6) < 2 e2Mn;/e e+EM"J' logd,,; < e 20 a

nj

We are now ready to prove (2.4.26). Note that, for all j > Jy(w), and
all i € I;, we may, due to (2.4.30), construct {Z,E:)} and {T'(;41)k,} on the
same probability space such that for all i € I}, Pf,k(Z,g_) > T(H_l)kj) = 1. Fix
1/vp > 1/v" > 1/v and € > 0 small enough. Recalling that under the law

P?, the random variables T,(;j) := T (i41)r; — Tir; are independent, we obtain,
with {S;} defined before Lemma 2.4.33, and j large enough,

PS(Ty; >njjv) < P(inf{t: Sy = [n]]} > Mnj) —l—P(Z Z,(C? > nj/v)

< emfemif2 4 (eA(l/v'—l—Qs/v—l/v) +gje"\(1—f)/v)M""
< e—9€n,~/2 + (e—As/v)M"j ’

where Lemma 2.4.33 was used in the second inequality and (2.4.32) in the
fourth. Since A > 0 is arbitrary, (2.4.26) follows. O

Remarks: 1. A study of the proof of the annealed estimates shows that the
strong mixing condition (D3) can be replaced by the sightly milder one that
a(n) = exp(—Cn) for some C large enough such that (2.4.15) holds, if one
also assumes the existence of a LDP for Rj. In this form, the assumption is
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satisfied for many Markov chains satisfying a Doeblin condition.

2. It is worthwhile noting that the transfer of the annealed estimates to the
quenched setting required very few assumptions on the environment, besides
the existence of a LDP for Ry. This technique, as we will see, is not limited
to the one-dimensional setup, and works well in situations where a drift is
present.

3. One may study by similar techniques also the case where Fp(S) < oo but
Pmax = 1 with a := P(pmax = 1) > 0. The rate of decay is then quite different:
at least when the environment is i.i.d., the annealed rate of decay in Theorem
2.4.3 is exponential with exponent n'/3, see [18], whereas the quenched one
has exponent n/(logn)?, see [30], and it seems both proofs extend to the
mixing setup. By adapting the method of enlargement of obstacles to this
setup, one actually can show more in the i.i.d. environment case: it holds
then that,

L 1 o [ Xn _ 3 mloga y5
and
1 2 X 1 2
lim fim (98" 1 po <_n € (v Mm) _ _lmlogal v
d—0n—o0 n n 8 vp
(2.4.35)

see [60] and [61]. (Note that the lower bounds in (2.4.34) and (2.4.35) are not
hard to obtain, by constructing “neutral” traps. The difficulty lies in matching
the constants in the upper bound to the ones in the lower bound.) The
technique of enlargement of obstacles in this context is based on considerably
refining the classification of blocks used above when going from annealed to
quenched estimates, by introducing the notion of “good” and “bad” blocks
(and double blocks...)

4. One can check, at least in the i.i.d. environment case, that when ppa, = 1
with a = 0 then intermediate decay rates, between Theorems 2.4.3, 2.4.23
and (2.4.34), (2.4.35) can be achieved. We do not elaborate further here.

5. Again in the case of i.i.d. environment and the setup of Theorem 2.4.23,
one can show, c.f. [30], that

n—soo miTL/s

1 X
lim sup ———— log P? <7" €(w—-4v+ 6)) =0, P-—as.  (2.4.36)

This is due to fluctuations in the length of the “significant” trap where the
walk may stay for large time. Based on the study of these fluctuations, it is
reasonable to conjecture that

o 1 o [ Xn
hnrglgfmlogpw <7 €(w-—4v+ 5)) =-o00, P-a.s,
explaining the need for § in the statement of Theorem 2.4.23. This conjecture
has been verified only in the case where P(pmin = 0) > 0, i.e. in the presence
of “reflecting nodes”, c.f. [29, 28].
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Bibliographical notes: The derivation in this section is based on [18] and [30].
Other relevant references, giving additional information not described here,
are described in the remarks at the end of the section, so we only mention
them here without repeating the description given there: [29, 60, 61].

2.5 Sinai’s model: non standard limit laws and aging properties

Throughout this section, define Rj, = k~* Zf;ll log p;(sign 7). We assume the
following

Assumption 2.5.1

(E1) Assumption 2.1.1 holds.

(E2) Eplogpo = 0, and there ezists an € > 0 such that Ep|log po|**® < co.

(E3) P is strongly mizing, and the functional invariance principle holds for
VERy/op; that is, {VkRj/op}icr converges weakly to a Brownian
motion for some op > 0 (sufficient conditions for such convergence are
as in Lemma 2.2.4).

(In the i.i.d. case, note that 0% = Ep(log pp)? ). Define

L n)%t]
n — l i .
W™ (t) og 7 Z; og p; - (sign t)

with ¢ € R. By Assumption 2.5.1, {WW"(t)}+cr converges weakly to {opB;},
where {B;} is a two sided Brownian motion.
Next, we call a triple (a, b, ¢) with a < b < ¢ a valley of the path {W"(:)}

if
W™(b) = min W"(t),
a<t<c
W"(a) = max W"(t),
a<t<b
W"™(c) = max W"(t)
b<t<c

The depth of the valley is defined as
da,p,c) = min(W"(a) — W"(b), W"(c) — W"(b)).
If (a,b,c) is a valley, and a < d < e < b are such that

W(e) - W(d) = max  W"(y) - W"(x)

then (a,d,e) and (e,b,c) are again valleys, which are obtained from (a,b,c)
by a left refinement. One defines similarly a right refinement. Define
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¢y =min{t >0: W"(t) >1}
af =max{t <0: W"(t)>1}
W"(by) = min W"(t).

af <t<cy

(by is not uniquely defined, however, due to Assumption 2.5.1, with P-
probability approaching 1 as n — oo, all candidates for b§ are within distance
converging to 0 as n — oo; we define by then as the smallest one in absolute
value.)

e |

© o ____

b
Fig. 2.5.1. Left refinement of (a,b, c)

One may now apply a (finite) sequence of refinements to find the smallest
valley (a”, bn,E”) with @"” < 0 < ", while d(an ey 2 L We define similarly
the smallest valley (@?,b;,¢2) such that d(ﬁg ny > 1+6. Let

n —
be sCs

wEN: b = 5?, any refinement (a, b, ¢) of (6?,5?,6?) with
AlS = b#0b" has depth <1—90,lag|+[e5| < J,
. n n -n
M, cran zn\[b" —6,b" +6] wnrt) -wn(b) > o

then it is easy to check by the properties of Brownian motion that

lim lim lim P(A7°)=1. (2.5.2)

6—0 J—00 n—00
The following is the main result of this section:

Theorem 2.5.3 Assume P(min(w, ,wi) < &) = 0 and Assumption 2.5.1.
For any n > 0,
po(|—Xn_ 3| - 0
(logn)? M) WS

Proof. Fix § < n/2,J and n large enough with w € AJY. For simplic-
. In .
ity of notations, assume in the sequel that w is such that b= > 0. Write
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a” = @"(logn)2,b" = b" (logn)?,c" = ¢*(logn)?, with similar notations for
ay, by, cy. Define

Tpn=min{t >0:X; =b"or X; =a}}.

By (2.1.4),
Pe (X— - ") < 1 < Jlogm)® ooy
AT =8 ) = T e llogm (W@ wr @)} © nd o
Jn(log n)2

On the other hand, let T}, have the law of T, except that the walk {X.}
is reflected at af, and define similarly 7;. Using the same recursions as in
(2.1.14), we have that

1 p H"15+2P ) ay+1
BY(f1) = — R =
w ( 1) Wap—1 i=0

Hence, with &; = w; for ¢ # a} and GJ;;" =1, for all n large enough,

p" i—l—ay

Ez(Tb,n)SE Tbn _Z Z 1pl
i=1 =l

(z j—1)
p? i—l—ay 2
Z Z (llos W (=W (i) < 2 logn(1-8) < -4

- <
We thus conclude that
PU? (Tb,n <n, XTL, L= bn) — 1

n—oo
implying that
Pe (Tbn < n) - 1. (2.5.5)

n—o0

Next note that another application of (2.1.4) yields

PP ~1(X. hits b" before a¥?) > 1 — n=(+%)

PY"+1(X. hits b™ before ) > 1 — n-(+2) (2.5.6)
On the same probability space, construct a RWRE {)N(t} with the same tran-

sition mechanism as {X;} except that it is reflected at af, i.e. replace w by
@. Then, using (2.5.6),
X, X
P -b" i )
(logn)? (logn)?

< P° (Tbn > n) + [1 —(1- n*(”%))”]

+ max P?" ( " >5> .
t<n

A

> 6) < PS (Tbn > n) + max PY" (‘
t<n

Xy
(logn)?
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Hence, in view of (2.5.2) and (2.5.5), the theorem holds as soon as we show
that

sup maxPEn LQ - >6] — 0. (2.5.7)
weAls t<n (logn) n—00
To see (2.5.7), define
[larsi<ics wi — f(2)
fR)=g7———, fl)=—17
Ha}+1§i<z Wiyl fom)

(as usual, the product over an empty set of indices is taken as 1. f(-) cor-
responds to the invariant measure for the resistor network corresponding to
X ). Next, define the operator

(Ag)(2) =@ 19(2 = 1) + @1 9(2 + 1) + W g(2) (2.5.8)
+5n = l,szn_l = 0. Note that Af = f, and

where W, = w, for z > a}, W,

further that ~
P (X =2) = A1y (2).
Since f(2) > 1jn(2) and A is a positive operator, we conclude that
P (X;=2)< f(2).
But, for z with |z/(logn)?—b"| > 6, it holds that f(z) < e~% 6™ and hence
PV (X, =2)<n”?

Thus, for w € AJ% using the fact that the second inequality in (2.5.6) still
applies for X,

n n
max P! [ [—L—_ —%
t<n

yielding (2.5.7) and completing the proof of the theorem. 0O

We next turn to a somewhat more detailed study of the random vari-
able b". By replacing 1 with ¢ in the definition of I_)n, one obtains a process
{I_)n(t)}tzo. Further, due to Assumption 2.5.1, the process {En(t/(fp)}tzo con-
verges weakly to a process {b(t) }+>0, defined in terms of the Brownian motion
{Bi}t>0; Indeed, b(t) is the location of the bottom of the smallest valley of
{B4}+>0, which surrounds 0 and has depth ¢. Throughout this section we de-
note by Q the law of the Brownian motion B.. Our next goal is to characterize
the process {b(t)}¢>o. Toward this end, define

> 5) < (5n+5)(log n)2n7‘53+1— (1 — n*(1+5/2))n

m4(t) =min{B; : 0 < s <t},m_(t) =min{B_,:0< s <t}
Ti(a) =inf{s > 0: Bs —m4(s) = a},
T (a)=inf{s >0: B_;—m_(s) = a}
st(a) =inf{s > 0: my(Ty(a)) = Bis},
My(a) = sup{Bsy: 0<n<sc(a)}-
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Next, define Wi(a) =
(Mg (), Wy () and (M_(
fine finally

si(a)- 1t is not hard to check that the pairs

B
), W_(+)) form independent Markov processes. De-

Hi(a) = (Wi(a) + a) \ Mi(a) .

M@/ - s(a)

V)| S S — Lo

Fig. 2.5.2. The random variables (M4 (a), W4 (a), s+(a))

We now have the

Theorem 2.5.9 For each a > 0, Q(b(a) € {s4(a),—s_(a)}) = 1. Further,
b(a) = s4(a) iff Hy-(a) < H_(a).

Proof. Note that Q(H(a) = H_(a)) = 0. That b(a) € {s,(a),—s_(a)} is a
direct consequence of the definitions, i.e. assuming b(a) > 0 and b(a) # s (a)
it is easy to show that one may refine from the right the valley defining
b(a), contradicting minimality. We begin by showing, after Kesten [41], that

b(a) = sy (a) iff either
W_(a) > Wy(a), Mi(a) < (W_(a)+a)V M_(a) (2.5.10)
W_(a) < Wy(a), M_(a) > (Wyi(a)+a)V Mi(a). (2.5.11)
Indeed, assume b(a) = sy (a), and W_(a) > Wy (a). Let (o, b(a),v) denote
the minimal valley defining b(a). If —s_(a) < a, then
M (a) =max{B_,: s € (0,5_(a))
=max{B;: —a < s <bla)} > M, (a) (2.5.12)

implying (2.5.10). On the other hand, if —s_(a) > a, refine (a,b(a),7) on
the left (find o/, 8’ with a < &' < 3’ < b(a)), such that

BB' — Bar = max (By — Bx) Z M+(G,) - W_ (a)
a<z<y<b(a)



62 Ofer Zeitouni

and thus minimality of («, b(a),~) implies that M, (a) —W_(a) < a, implying
(2.5.10).

We thus showed that if b(a) = 51 (a) and W_(a) > W, (a) then (2.5.10)
holds. On the other hand, if (2.5.10) holds, we show that b(a) = s, (a) by
considering the cases o < —s_(a) and —s_(a) < « separately. In the former
case, necessarily v > s, for otherwise M_(«) < By < My (a) < W_(a) +a
which together with b(a) = —s_(a) would imply that the depth of («, b(a), )
is smaller than a. Thus, under (2.5.10) if @ < —s_(a) then v > sy, and in
this case b(a) = sy (a) since By, (o) < B_;_(q). Finally, if @ > —s_(a) then
b(a) # —s_(a) and hence b(a) = s, (a).

Hence, we showed that if W_(a) > W, (a) then (2.5.10) is equivalent to
b(a) = s (a). Interchanging the positive and negative axis, we conclude that if
W_(a) < Wy (a), then b(a) = —s_(a) iff M (a) < (Wy(a)+1)V M, (a). This
completes the proof that b(a) = s (a) is equivalent to (2.5.10) or (2.5.11).

To complete the proof of the theorem, assume first W_(a) > W, (a).
Then, b(a) = s (a) iff (2.5.10) holds, i.e. M, (a) < (W_(a) +a)V M_(a) =
H_(a). But H_(a) > W_(a) +a > W, (a)+a, and hence M, (a) < H_(a) is
equivalent to My (a) V (Wi (a) + a) < H_(a), i.e. Hy(a) < H_(a). The case
Wi (a) < W_(a) is handled similarly by using (2.5.11). O

One may use the representation in Theorem 2.5.9 in order to evaluate
explicitly the law of b(a) (note that b(a) £ a®b(1) by Brownian scaling). This
is done in [41], and we do not repeat the construction here. Our goal is to use
Theorem 2.5.9 to show that Sinai’s model exhibits aging properties. More
precisely, we claim that



Lecture Notes on RWRE 63

Theorem 2.5.13 Assume P(min(wp,wd) < €) = 0 and Assumption 2.5.1.
Then, for h > 1,

o (X — X _ L5 2y

Proof. Applying Theorem 2.5.3, the limit in the left hand side of (2.5.14)
equals

Q(E(h) - 5(1)) - QQ(E(h) — (1) = s, (1) = s+(h)) .
Note that

1
Q(s+(h) = s+(1)) = Q | Brownian motion, started at height 1, | = 7
hits h before hitting 0

Hence, using that on s (1) = sy(h) one has Wy (1) = Wi (h), My(1) =
M (h), and using that the event {s;(h) = s4(1)} depends only on incre-
ments of the path of the Brownian motion after time T (1), one gets

O (B(h) = 5(1)) = 7 Q(H(1) < H (1), (W, (1) + ) v M, (1) < H (1))
(2.5.15)
Next, let

7o =min{t >s_(1): By = W_(1) + 1}
T =min{t >79: BLy =W_(1)+h or By =W_(1)}.

Note that 75 — 79 has the same law as that of the hitting time of {0, h} by a
Brownian motion Z; with Zy = 1. (Here, Z; = B_(;,4+) — W_(1)!). Further,
letting I, = 1{B‘rh:W—(1)}(: l{Zq—h—q—O*O})’ it holds that

M (1), I =
M_(1)V (M_(h) + W_(1) + 1)V (M_(h) + W_(1)), I=1

where (W_(h),M_(h)) are independent of (W_(1),M_(1)) and possess
the same law as (W_(h), M_(h)), while M_(h) is independent of both
(W_(1), M_(1)) and (W_(h), M_(h)) and has the law of the maximum of
a Brownian motion, started at 0, killed at hitting —1 and conditioned not
to hit h — 1. (See figure 2.5.4 for a graphical description of these random
variables.)

Set now
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M (1)

W (1)

Fig. 2.5.4. Definition of auxiliary variables

H (k) = (W_(h) +h)V M_(h) and I'(h) = max(H_(h), M_(h)). Note that
H_(h) has the same law as H_(h) but is independent of M _(h). Further,
it is easy to check that (W_(h) + h) vV M_(h) = W_(1) + I}) VvV M_(1)
(note that either M_(h) = M_(1) or M_(h) > M_(1) but in the latter
case, M_(h) < W_(1)+ I'(h).) We have the following lemma, whose proof is
deferred:

Lemma 2.5.16 The law of I'(h) is +6;, + 2LU[1, h], where U[1,h] denotes
the uniform law on [1, h].

Substituting in (2.5.15), we get that

h
Q(B(H) = 5(1)) = Q (Ba(B(h) = HOIT (1) = 5 [ | e+ Q(h)l

(2.5.17)
where

Q) = Q(H (1) <H_(1), Hy(h) < H_()|s4(h) = s4(1),s-(1) = s-(1)) .

In order to evaluate the integral in (2.5.17), we need to evaluate the joint law
of (Hy(1),Hy(t)) (the joint law of (H_(1), H_(t)) being identical). Since
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0<H{(1)<land H (1) < Hy(t) < H. (1) +t — 1, the support of the law
of (H+(1), Hy(t)) 1sthedoma1nAdeﬁnedby0<:n< Lez<y<z+t—1
Note that for (z,w) €

Q(H (1) < 2, Hy (t) < w|s4(1) = s4.(h))
= QM (1) < 2 Aw, Wi (1) < —[(1—2) V (t - w)]

= o(M (1) <2, W, (1) < —(t—w)).

We now have the following well known lemma. For completeness, the proof
is given at the end of this section:

Lemma 2.5.18 Forz+y>1,0<z<1,y>0,
QM (1) < 2, W4 (1) < —y) = ze =+
Lemma 2.5.18 implies that, for (z,w) € A, t > 1,
Q(H (1) < 2, Hi(t) < w|sp(1) = s (h)) = ze~H="=D . (25.19)

Denote by B; the segment {0 < z =y < 1} and by Bz the segment {t —1 <
y=xz+1t—1<t}. We conclude, after some tedious computations, that the
conditional law of (Hy (1), Hy(t)):

— possesses the density f(z,w) = (1—z)e ?e~w=0t=1 " (3 w) € A\(BUBy)
— possesses the density f(z,y) = (1 - 2)e N 2=we B

— possesses the density f(z,z+t—1)=2, w=z+t—1€ Bs.
Substituting in the expression for Q(t), we find that

Qt) = o=t 4 L —(hrt-2).

12 12
Substituting in (2.5.19), the theorem follows. O
Proof of Lemma 2.5.16: Note that Q(I, = 0) = 1/h, and in this case
I'y, = h. Thus, we only need to consider the case where I, = 1 and show that
under this conditioning, max(H_(h),1 + M _(h)) possesses the law U[1, h].
Note that by standard properties of Brownian motion,

—1

QM_(h) < €I, =1) = 5.

Tasd
Ay

;-‘

We show below that the law of H_(h), which is identical to the law of H_ (),
is uniform on [0, h]. Thus, using independence, for £ € [1, h],

h€-1¢ _¢—-1

i.e. the law of I';, conditioned on I, = 1 is indeed U[L1, h].
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It thus only remains to evaluate the law of H_(h). By Brownian scaling,
the law of H_(h) is identical to the law of hH, (1), so we only need show that
the law of H, (1) is uniform on [0,1]. This in fact is a direct consequence of
Lemma 2.5.18. 0O
Proof of Lemma 2.5.18: Let O% denote the law of a Brownian motion
{Z;} starting at time 0 at z. The Markov property now yields

QM (1) <z, W,(1) < —y) = Q°({Z.} hits z — 1 before hitting z)
QN (M (1) <z, Wi (1) < —y)

2Q°(M4(1) <L, Wi(1) < —y—z+1)

=2Q°We(l) < —(y+2-1).  (2.5.20)

For z > 0, let f(x) := Q(W4(1) < —z). The Markov property now implies

fl+e) =f@)Q* (Wi (1) < —(z +€) = f(x)f(e).

Since f(0) = 1 and f(e) = 1—e+o(e), it follows that f(z) = e~*. Substituting
in (2.5.20), the lemma follows. O

Bibliographical notes: Theorem 2.5.3 is due to [66]. The proof here follows
the approach of Golosov [81], who dealt with a RWRE reflected at 0, i.e.
with state space Z. In the same paper, Golosov evaluates the analogue of
Theorem 2.5.9 in this reflected setup, and in [32] he provides sharp (path-
wise) localization results. These are extended to the case of a walk on Z in
[33]. The statement of Theorem 2.5.9 and the proof here follow the article
[41], where an explicit characterization of the law of b(1) is provided. The
same characterization appears also in [33]. The aging properties of RWRE
(Theorem 2.5.13) were first derived heuristically in [24], to which we refer
for additional aging properties and discussion. The derivation here is based
on [17]. The right hand side of formula (2.5.14) appears also in [33], in a
slightly different context. We mention that results of iterated logarithm types,
and results concerning most visited sites for Sinai’s RWRE, can be found in
[35], [36]. See [65] for a recent review. Finally, extensions of the results in
this section and a theorem concerning the dichotomy between Sinai’s regime
and the classical CLT for ergodic environments can be found in [7].

Limit laws for transient RWRE in an i.i.d. environment appear in [42].
One distinguishes between CLT limit laws and stable laws: recall the param-
eter s introduced in Section 2.4. The main result of [42] is that if s > 2, a
CLT holds true (see Section 2.2 for other approaches), whereas for s € (0, 2)
a Stable(s) limit law holds true. Note that this is valid even when s < 1, i.e.
when vp = 0! It is an interesting open problem to extend the results concern-
ing stable limit laws to non i.i.d. environments. Some results in this direction
are forthcoming in the Technion thesis of A. Roitershtein.
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3 RWRE -d >1

3.1 Ergodic Theorems

In this section we present some of the general results known concerning 0 — 1
laws and laws of large numbers for nearest neighbour RWRE in Z? Even
if considerable progress was achieved in recent years, the situation here is,
unfortunately, much less satisfying than for d = 1.

A standing assumption throughout this section is the following:

Assumption 3.1.1

(A1) P is stationary and ergodic, and satisfies a ¢p-mixing condition: there
exists a function ¢(1) l—) 0 such that any two l-separated events A, B
—» 00
with P(A) > 0,
P(ANB)
P(4)

(A2) P is uniformly elliptic: there exists an € > 0 such that

—P(B)| < ¢(l).

P(w(0,e) >¢) =1, Ve € {#e;}L .

(Events A, B are [-separated if the shortest lattice path connecting A and B
is of length ! or more.)
Remark: I have recently learnt that Assumption (A1) implies, in fact, that
P is finitely dependent, c.f. [5]. On the other hand, the basic structure of
what appears in the rest of this section remains unchanged if P is mizing on
cones, see [13], and thus I have kept the proof in its original form.

Fix £ € R? \ {0}, and consider the events

Aig:{lim Xn-ZZ:i:OO}.
n— 00
We have the
Theorem 3.1.2 Assume Assumption 3.1.1. Then
P°(A,UA_y) € {0, 1} .

Proof. We begin by constructing an extension of our probability space: recall
that the RWRE was defined by means of the law P° = P ® PS on ({2 x
(ZHN,F x G). Set W = {0} U {£e;}¢_, and W the cylinder o-algebra on
WN. We now define the measure

PF'=P®Q.®P,,

on

(QXWNX(Zd)N, foxg)
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in the following way: Q. is a product measure, such that with ¢ = (e1,¢2,...)
denoting an element of WY, Q.(¢; = +e;) = ¢,i=1,--- ,d, Q.(e; = 0) =
1 — 2ed. For each fixed w, ¢, P., . is the law of the Markov chain {X,} with
state space Z¢%, such that X = 0 and, for each e € W, e # 0,

w,E

—o0 l{En :0}
Pw,E(X”+1 =z+elXp=2)= e, ii=ey + ]_%édg

It is not hard to check that the law of {X,} under P° coincides with its law
under P?, while its law under Q. ® Ffm coincides with its law under Pj.
We will prove the theorem for ¢ = (1,0...0), the general case being
similar but requiring more cumbersome notations. Note that for any u < v,
the walk cannot visit infinitely often the strip u < z - £ < v without crossing

the line z - £ = v. More precisely, with

T,=inf{n >0: X, -{>v}, (3.1.3)

[w(z,z+e)—¢].

we have
]P’o(#{n>0: Xn-KZu}:oo,Tv:oo)ZO. (3.1.4)

Indeed, note that for any z with u < z- ¢ < v, and any w,
Pi(Xy—u-l>0)=Q: ®Pj,s(Xv7u A >v) >,

yielding (3.1.4) by the strong Markov property.

Assume next that P°(4,) > 0. Set D = inf{n > 0: X, ¢ < Xy - (}.
Clearly, P°(D = o0) > 0, because if P°(D = o0o) = 0 then P*(D < o0) =1
Vz € Z% and thus P-a.s., for all z € Z% P?(D < oo) = 1. This implies by
the Markov property that

liminf X, - £ <0, P%a.s.,

n—o0

contradicting P°(4,) > 0.

Define Oy to be the event that X,, - £ changes its sign infinitely often. We
next show that whenever P°(A4,) > 0, then P°(O;) = 0. Set M = sup,, X,, - ¢,
fix v > 0 and note by (3.1.4) that

P°(O,n{M < v})=0. (3.1.5)

We next prove that if P°(A4,) > 0 then P°(O, N {M = oco}) = 0, by first
noting that _
PO(O;N{M = o0}) = P (O, N {M = 0}).

Then, set G, = o((ei, X;), 7 < n), fix L > 0 and, setting Sy = 0, define
recursively G, stopping times as follows:

Ry, :inf{nZSk: Xp - € <0},
Sk+1 :inf{n Z Rk :anL -{

> max{X,, - {: mgn—L},sn_lzsn_gz...zsn_L:el}.
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1

space

Fig. 3.1.1. Definition of the hitting times (S, Rx)

On Oy N{M = oo}, all these stopping times are finite. Now, at each time
Sk — L the walk enters a half space it never visited before, and then due to
the action of the ¢ sequence alone, it proceeds L steps in the direction e.
Formally, “events in the o-algebra Gg, are L-separated from o(w, : z-£ >
Xg, - £)”. Note that, using P°(A,) > 0 in the second inequality,

P°(Ry < 00) =P'(D < 00) < 1,

whereas, using € to denote both time and space shifts as needed from the
context,

P°(Ry < 00) < P°(Rg < 00, Ro 0 fx,, < 0)
= Z P°(Ry < 00, Rp 08, < 00, Xg, = z)
z€Z4

= Z ZEP®QE (?Z)’g(RO < 00,Xg, = z,81 = n) '?;zw70n£(R0 < OO)) .
2€ZineN

Note that ?Zzwﬁng(Ro < 00) is measurable on o(w, : -€ > z-0) X o(g;,i >
n), whereas FZ,E(RO < 00,Xg, = 2,51 =n) is measurable on o(w, : z £ <
z-0— L) xo(e;,1 < n). Hence, by the ¢-mixing property of P and the product
structure of @,
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FO(]%l < OO) < Z Z |:EP®Q5 (?Z},S(RO < 007X51 = Zasl = n))
2€Z4neN

‘Epgq. (?Z,E(Ro < 00))]

+o(L) Y D Ersa. (Fz,s(Ro <00, X5, = 2,51 = n))

z€ZIneN
< (P"(Ro < 20))* + ¢(L)F’(Ry < 00) < (P’(D < 00) + ¢(L))”.

Repeating this procedure, we conclude that P’ (O, N {M = oo}) < P’(Ry, <
o) < (P°(D < 00) + ¢(L))F*1. Since k is arbitrary and ¢(L) L 0, we
—00

conclude that P (O;N{M = oo}) = 0, yielding with the above that P°(0;) =
0 as soon as P°(A4y) > 0. In a similar manner one proves that P°(A_;) > 0
also implies P°(Oy) = 0.

Assume now 1 > P°(A,UA_;). Then one can find a v such that P°(X,,-£ €

[—v,v] infinitely often) > 0. Therefore, P°(O;) > 0, implying by the above
]P)D(Az) = ]IDO(A,[) =0. O
Remark: It should be obvious that one does not need the full strength of
(A1) in Assumption 3.1.1, and weaker forms of mixing suffice. For an example
of how this can be relaxed, see [13].
Bibliographical notes: The 0-1 law described in this section is due to Kalikow
[88], who handled the i.i.d. setup. Our proof borrows from [82], which, still
in the i.i.d. case, relaxes the uniform ellipticity assumption A2. In that pa-
per, they show that a stronger 0-1 law holds if P is a product measure and
d = 2, namely they show that P°(A,) € {0,1}, while that last conclusion is
false for certain mixing environments with elliptic, but not uniformly elliptic,
environments.

3.2 A Law of Large Numbers in 74

Our next goal is to prove a law of large numbers. Unfortunately, at this point
we are not able to deal with general non i.i.d. environments (see however
Remark 2 following the proof of Theorem 3.2.2), and further the case of i.i.d.
environments does offer some simplifications. Thus, throughout this section
we make the following assumptions:

Assumption 3.2.1 P is a uniformly elliptic, i.i.d. law on (2.
The main result of this section is the following:

Theorem 3.2.2 Assume Assumption 3.2.1 and that P°(A, U A_;) = 1.
Then, there exist deterministic vg,v—_; (possibly zero) such that

lim

:UélAg -f-U,zlA_l, P?-a.s.
n—oo N



Lecture Notes on RWRE 71

(See (3.2.8) for an expression for v,. When v, # 0 for some ¢, we say that the
walk is ballistic).

Proof. As in Section 3.1 we will take here £ = (1,0, --,0). Further, we
assume throughout that P?(4,) > 0. The proof is based on introducing a
renewal structure, as follows: Define Sq = 0, My = £ - X,

S1 =Thg+1 <00, By =Dofg + 5 < oo,

My =sup{l - X, 0<m< R} <00

and by induction, for k& > 1,

Sk1 = Tarr1 <00, Rgyy = Dobg, 4 Sky1 < oo,
M1 =sup{l-X,,, 0<m < Rpyi} <oo.

The times S, S, ..., are called “fresh times”, and the locations X3, X5,

-+, are “fresh points”: at the time Sk, the path X. visits for the first time
after Si_1 and after hitting again the hyperplane Xz _ £ —1, a fresh part

of the environment. Note that (S;, R;) are related to, but differ slightly from,
(Si, R;) introduced in Section 3.1. Clearly,

0=S0<S1 <R <S5 <---<o0
and the inequalities are strict if the left member is finite. Define:
K =inf{k>1:S} <00, R, = o0} < o0,
T = §K < 00.

71 is called a “regeneration time”, because after 71, X. - £ never falls behind
X L.
By the same argument as in the proof of Theorem 3.1.2, P°(R; < o0) <
P°(D < oo)k 20 because P°(A4;) > 0 implies P°(D < oo) < 1. On the
—00

other hand, on Ay, Rj, < 00 = S41 < 00, P°-a.s., and hence
P(AeN{K = o0}) =P?(4; N {m = x}) =0.
Define now the measure
Q@ () =P(- {m < oo}) =P(- [4¢)
and set

Gi=o0 (T17X0’ T 7XT17 {w(ya ')}l-y<l-X.,.1) .

Note that since {D = oo} C {m < oo}, we have that {D = oo} € G;.
We have the following crucial lemma, whose proof is a simple exercise in
the application of the Markov property, is omitted. It is here that the i.i.d.
assumption on the environment plays a crucial role:



72 Ofer Zeitouni

time

no return (K=2)

—

space

Fig. 3.2.1. Regeneration structure

Lemma 3.2.3 For any measurable sets A, B,

QO ({XT1+n B XTl }nZO € A’ {W(Xﬁ +y, ')}y-ZZO S B)
=P° ({Xn}nZ[) € A, {w(y,)}y-e>0 € BI{D = Oo}) ‘

In fact,

QO ({XT1+TL - XT1 }nZU € A: {W(Xﬁ +v, ')}y-lZO € B|g1)
:HDO({Xn}nZO € A {w(y,")}y-e20 € B{D = oo}) : (3.24)

Proof of Lemma 3.2.3 Clearly, it suffices to prove (3.2.4). Let h denote a G;
measurable random variable. Set 14 := 1{x, _xo},50e4, 1B = Liw(y, )}y oo
Further, note that for each k € N, z € Z¢, there exists a random variable hy ,
measurable with respect to o ({w(y, ) }e.y<z-¢, {Xi};<3,, Sk), such that on the
event {r; = Sk,ng = x}, h = hy, (this follows from the G; measurability

of h. Then, using A to denote spatial shift and 6 to denote temporal shift,
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Epo(laof™ -1g00X1 -h-1, o)

-3 3 Ep (Eg (1§k<oo1m:oo1ng=z1A 005 100" - h“))
k>1zczd

=>. > Er (1B 00" K (1§k<oolDo§gk=oo1X§k:z1A 0 'hz,k))
k>1zczd

=33 Ep (15007 B (1pmscl) B2 (heils, o0 lng, =) )

k>1zczd

= Z Z Ep(1g1p—oola) Ep (hx,k1§k<oolx§k:x) ’
k>1zczd

where we used the Markov property in the next to last equality and the i.i.d.
structure of the environment in the last one. Substituting in the above trivial
A, B, one concludes that

Epo(h-1r<00) = PUD =00 S S Ep (hz,k1§k<m1X§k:I) .
k>1zezd

Hence,
Ego (14060™ - 1506%1 - h) = Ege(h)Epe (Lalp|{D = o0}) ,

concluding the proof of the lemma. 0O
Consider now 7 as a function of the path (X,),>0 and set

Tk+1 = Tk(X) +7 (XTk+' - XTk) >

with 7441 = 0o on {7, = 0o} (the sequence {71} enumerates times such that
forall k <m <n, X -l < X £ <X, -0). By the definition and the fact
that P°(Ay N {m = oo}) = 0, we have that P°(A4, N {7, = o0}) = 0. Setting

Ge=0 (st KXoy Xn {0, Veyeexs, )
an obvious rerun of the proof of Lemma 3.2.3 yields that

@ ({Xntn = X bn20 € A {w(Xrty, )}z € Bl G )

= P ({Xn}n20 € A, {w(y,)}ey20 € B{D = o0}).
We thus conclude that under Q°,
(Xry, = Xoymo—11) o, (X — Xopy Thr — 1)
are i.i.d. pairs of random variables, independent of (X, 71), such that
X, —X;, €Ci,ma—1 €C2) =P°(X,, € C1,11 € Co|{D = 0}).

Next, we have the following lemma, whose proof is deferred:
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Lemma 3.2.5 (Zerner)
1
E°(X., -¢|{D = =
(X - EH{D = o0b) = morp =)

We are now ready to complete the proof of Theorem 3.2.2. Assume first that
E°(ri|{D = o}) < oco. Then, by the law of large numbers, and the renewal
structure,

Tk

T TTho E° (1 |{D = oo}), Q°-a.s. (3.2.6)
XT]’; i koo B2 (X, - £{D = c0}), Q-as. (3.2.7)

(note that the finiteness of the expression in the right hand side of (3.2.7)
is trivial if the right hand side of (3.2.6) is finite, and Lemma 3.2.5 is not
needed in this case).

Hence,

Xr, L E? (X7 - {{D = oo})
k% TR (m[{D = oo))

=:vp, Qa.s. (3.2.8)

Mimicking now the argument at the end of the proof of Lemma 2.1.5, we
conclude that % oo Vg, Q-a.s., in the case E? (11 |{D = o0}) < c0.

On the other hand, Lemma 3.2.5 implies that (3.2.7) holds true even when
E°(ri|{D = o0}) = oo. But then, 7,/k — k00 00, Q°-a.s. With vy = 0 in
this case, we conclude that

X, -t

Tk

—>k—o00 Vg = 0, @"—a.s.

Finally, setting k, such that 7,, < n < 7, +1, we have that k, =, 00 00
and k,/n — 0, Q°-a.s. because n/k, > 7y, /kn. Thus,
n— 00

Xn'Z<XTkn+1-€ kn+1

— 0, -a.s.
n — k,+1 n  n—ooo @
Since lim inf,,_, X;L'l > 0, Q°-a.s., we conclude
X, L
L) -a.s O

n n—oo
Remarks:

1. Note that on Ay, vy > 0 if E° (71 |{D = o0}) < 00 and v, = 0 otherwise.
2. Tt is clear from the proof that in fact, if E°(7|{D = o0o}) < 00, then the
result of Theorem 3.2.2 can be strengthened to

Xn E? (X7, {D = o0})

W BmiDooo))  C N
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3. In the stationary, ¢-mixing case, one can prove that the times {7;} are
well defined, and form a mixing sequence. What I have not been able to
show is that they are identically distributed under Q° (they seem not!).
Modifying slightly the definition of (R, Sy) by adding an L-safeguard
as in Section 3.1, the results of this section extend immediately to
the case where the environment is K-dependent (i.e., {w(z,)}s.¢<o and
{w(x,")}s-e>K are independent). This applies, e.g., in the setup consid-
ered in [63]. The extension to a mixing setup is more complicated, and
some results applicable there can be found in [13].

4. Still discussing mixing environements, some progress has been made using
the approach of the environment viewed from the particle. We mention
here [44] and in particular the recent preprint [62]. The latter preprint
uses a-priori estimates concerning regeneration times in the ballistic case
to construct an invariant measure for the environment viewed from the
particle which is absolutely continuous with respect to P on certain half-
spaces, and deduces a LLN using that measure.

Proof of Lemma 8.2.5 Recall that we consider £ = (1,0,...,0). Then,
@ (@ X, 0=1})
Seni B(P2{3k : Xo, = (i)}, A0)

Po(A)
> ezt E(Pg(Ti < 00, Xz, = (i,y),D o 0y, = oo))
Po(Ay)
S ezt B(P(T: < 00, Xr, = (i,)) P"(D = 0))
Po(Ay)
_ (T <;E§Z§D =) — (D = ) (3.2.9)

(since P°(A,UA_;) =1 and lim;_, oo P°({T; < 00} NA_;) =0). On the other
hand,

lim(@”({ﬂk: XTk-ézi}) = lim Qo({EIkZQ: XTk-ézi})

i—00 i—00

(because Q° (1 > i) — 0)
11— 00

i—00

= lim ZQO({EIkZQ: X, -é:i,Xﬁ-é:n})
n>1

:ilgxolog@o({akzm (XTk—XTl)-Kzi—n,Xﬁ-Kzn})

= lim S QX =n) @ ({3 >2: (Xr, - X)L =i—n}).

n>1



76 Ofer Zeitouni

But, recall that by the renewal theorem,

1
Fk>2: (X, — X)) L=i—
@0( k_ ( Tk Tl) 14 7 n) zjo EQO((XTZ_XTl)'é)

and hence, by dominated convergence,

En>1 @ (X -l=n) 1
li Jk: X, - L=1i})= = = :
Jim Q7 ({ ki Xt ’}) Ego(Xr, — X))  EBoo(Xr, — Xr,)-0)
(3.2.10)
Comparing (3.2.9) and (3.2.10), we conclude that
1
E@“((XTQ_XT1)'£)_M<OO' O

Theorem 3.2.2 assumes that P°(4, U A_;) = 1, and in that situation
provided a LLN if P°(A,) € {0,1}. A recent improvement to Theorem 3.2.2,
due to Zerner [83], actually shows that if a 0-1 law holds true, a LLN holds,
at least for i.i.d. environments. More precisely, one has the following:

Theorem 3.2.11 There exist deterministic ve,v_g (possibly zero) such that

lim

n—o0 n

=vla, +v_ly ,, PC°-as. (3.2.12)

An immediate corollary, obtained by applying Theorem 3.2.11 d times with
respect to the basis f =e¢;, ¢ =1,...,d, is the following:

Corollary 3.2.13 Assume that P°(Ay) € {0,1} for every {. Then there ex-
ists a deterministic v (possibly zero) such that

lim =% =v, P%a.s.
n—oo N
Proof of Theorem 3.2.11: (sketch) In view of the 0-1 law Theorem 3.1.2 and
of Theorem 3.2.2; all that remains to prove is that if P°(4, U A_;) = 0 then
Xp - €/n — 0, P°-a.s. The complete proof for that is given in [83], and we
provide next a brief description.
Consider the set of visits to the hyperplane H,, := {z : z-£ = m}, defining
0 =T, and 72, = min{n > 75,1 : X,, - £ = m}. Fixing an integer L, let
B = sup{th, — 7o : T8 < Trmyr}
i>0
be the diameter of the set of visits to #,, before T}, 1. For any constant
c>0,let

#O0<m<M:hyr<c
Far,r.(e) = { M+ 1 :

denote the fraction of m’s smaller than M such that the time between the
first and last visit to H,, before T}, 1, is smaller than c. The first observation,
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which is a deterministic (combinatorial) computation that we skip, is that
for any path with liminf,, o, X, -€/n > 0 there exists a constant ¢ such that

inf limsup Far,r.(c) > 0,
L>1 Mmoo
that is, roughly, there is a fraction of m’s for which the time between first
and last visits of H,, (before hitting #,,+) is not too large.
Assume now that P°(limsup X,, - £/n > 0) > 0. Then, by the above
observation, there is some ¢ > 0 such that

P°(lim sup lim sup Fiar,.(c) > 0) > 0. (3.2.14)

L—soo M—oo

But on the event {h,, < c}, the last point visited in H,, before hitting
Hm+r is at most at distance ¢ from X7, and has been visited at most ¢
times before Ty, 1. Thus, there is a z € Hy with |z]; < c¢,andan 1 <r < ¢
such that the r-th visit to Xr,, + 2 occurs before T},,+ 1, and the walk does not
backtrack from #,, after this r-th visit. Denoting the last event by B}mL (z,7),
it follows that

c M
Fus@ <= Y Y3 gy e

2€MHo,|2z[1<c r=1 m=0

Noting that the summation over r and z is over a finite set, and combining
the last inequality with (3.2.14), it follows that for some z and r,

M
o/ . 1
P° (lim sup lim sup ST mz::[) gt (2r) >0)>0. (3.2.15)

L—oco M—oco

While the events { B}, 1 (2,7)}m are not independent, some independence can
be restored in the following way: construct independent (given the environ-
ment) copies Y.¥ of the RWRE, starting at y. Define the event B, 1.(z,7) as
the union of B}, ; (z,r) with the event that X. does not hit Xr,, + z for the

r-th time before T}, 1, but VX% does not backtrack from H. before it
hits H,,+1. An easy computation involving the Markov property shows that
for each fixed i = 0,1,...,L—1, the events {Bjr+,1.(z,7)}; are independent,
with

P?(Bjr+i,(z,1)) =P°(D > Tg).
(Here and in the sequel, we abuse notations by still using P° to denote the

annealed law on the enlarged probability space that supports the extra YV
walks). Hence, since we have from (3.2.15) that

L-1[M/L]

[
>N g1, .. (=) > 0) >0, (3.2.16)

i=0 j=0

1
P?(lim sup lim su
( L~>oop M—)oop M+ 1
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it follows, by the standard law of large numbers, that

P°(D = o0) = limsupP°(D > T}) > 0.
L—oo

But from (3.1.4), we have that P°(Ay) > P°(D = co0) > 0. In particular, this
shows that P°(A,;) = 0 implies that limsup X, - £/n < 0, P°-a.s. Repeating
this argument with —/ instead of ¢ completes the proof of the theorem. O
Bibliographical notes:

The proof here follows closely [76], except that Lemma 3.2.5 is due to pri-
vate communication with Martin Zerner. The improvement Theorem 3.2.11
is based on [83].

The ballistic LLN has been proved for certain non iid environments in
[18]. Alternative approaches to ballistic LLN’s using the environment viewed
from the particle were developped in [{4] and in great generality in [62].

There are only a few LLN results in the non-ballistic case, see the biblio-
graphical notes of Section 3.3.

3.3 CLT for walks in balanced environments

The setup in this section is the following;:
Assumption 3.3.1

(B1) P is stationary and ergodic.
(B2) P is balanced: for i =1,--- ,d, P(w(z,z +e;) = w(z,z —e;)) = 1.
(B3) P is uniformly elliptic: there exists an € > 0 such that fori=1,--- ,d,

Pw(z,z+e;)>e)=1.

Unlike the situation in Section 2.1, we do not have an explicit construction of
invariant measures at our disposal. The approach toward the LLN and CLT
uses however (B2) in an essential way: indeed, note that in the notations of
(2.1.28),

d
d(z,w) = Zei[w(m,x—kei) —w(z,z—e;)| =0.

=1

.,

Hence, the processes (X, (i
Fn=0(Xo, - Xp),

EZ((Xn(Z) - Xn—l(l))(Xn(J) - Xn—l(j))|-7:n—1) = 26ijw(Xn—1:Xn—1 + ei) .

~
~
3
Vv
o
~
|
—_

,- -+ ,d, are martingales, with, denoting

Since |w(-,-)] < 1 P-a.s., it immediately follows that X,,/n — 0, P%-a.s.

n—o0
Further, the multi-dimensional CLT (compare with Lemma 2.2.4) yields that
if there exists a deterministic vector a = (a1, -+ ,aq4) such that
1 - a; 0
= WXy, Xp1 &) — = >0, Plas, (3.3.2)
n n—oco 2

k=1
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then, for any bounded continuous function f : R? — R, and any y € R,
X
. ) n
Jlim P (f (—\/ﬁ> < y> (3.3.3)

1 / 2 d
- Lip(x)<y) xP (— - ) dz;, P-a.s.
BT T v Jee 0= P\~ 2 | 11

Our goal in this section is to demonstrate such a CLT, and to study transience
and recurrent questions for the RWRE.

8

[\

Central limit theorems

Theorem 3.3.4 Assume Assumption 3.3.1. Then, there exists a determin-
istic vector a such that (3.8.2) holds true. Consequently, the quenched CLT
(3.8.8) holds true.

Remark 3.3.5 In fact, the above observations yield not only a CLT in the
form of (3.8.3) but also a trajectorial CLT for the process {X[n/v/n, t €

[0,1]}.

Proof of Theorem 8.3.4 As in Section 2.1, the key to the proof of (3.3.2) is
to consider the environment viewed from the particle. Define @w(n) = 0%~ w,
and the Markov transition kernel

M(w,d') =" [w(o, €00t st + (0, —ei)agﬂiw:w,] . (3.3.6)

€

As in Lemma 2.1.18, the process w(n) is Markov under either PJ or P°.
Mimicking the proof of Corollary 2.1.25, if we can construct a measure @) on {2
which is absolutely continuous with respect to P and such that it is invariant
under the Markov transition M, we will conclude, as in Corollary 2.1.25, that
w(n) is stationary and ergodic and hence

1 & 1 & a;
E Z;w(Xn—laXn—l +ei) = E Zw(n)(ovel) — -
1=

— n—oo 2
i
= Eqw(0,e;) >¢,P%as., (3.3.7)

yielding (3.3.2). Our effort therefore is directed towards the construction of
such a measure. Naturally, such measures will be constructed from periodic
modifications of the RWRE, and require certain a-priori estimates on har-
monic functions. We state these now, and defer their proof to the end of the
section. The estimates we state are slightly more general than needed, but
will be useful also in the study of transience and recurrence.

We let |z]|o 1= max? | |z;| and define D = Dg(zo) = {z € Z¢: |z —
Zo|oo < R}. The generator of the RWRE, under P, is the operator
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d

(Luf)@) = Y wlo.z +e) [ fla+e) + flz—e) —2/(@)]

i=1

For any bounded E C Z? of cardinality |E|, set 0F = {y € E° : 3z €

1,69

ol

E

Fig. 3.3.1. The normal set at x € E

E,|z — y|loo = 1}, E = EUOE, and diam(E) = max{|z — y| : 2,y € E}.

For any function u : Z% — R, we define the normal set at a point z € E as
L(x)={seR: u(z) <u(x)+s-(z—z), Vz€ E}.

Finally, for any ¢ > 0, E and u as above, define

1 1/q 1 1/q
= — 1 a = — a .
ol = (1 2 L comnlo(e) ) lallea = (1 2 lo) )

Then we have the following:
Lemma 3.3.8 There ezists a constant C = C(e,d) such that

(a)mazimum principle) For any E C 7% bounded, any functions u and g such

that
Lou(r) > —g(z), z € E

satisfy

< . 1/d + .
maxcu(e) < Cdiam(E) B *|lgllp.. + max u*(2)

(bYHarnack inequality) Any function u > 0 such that
L,u(z) =0, z € Dg(zo), (3.3.9)
satisfies
1

5“(1‘0) <u(z) < Cu(zo), =€ Dpya(z0)-
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We now introduce a periodic structure. Set Ay = {=N,--- ,N}? C 74
and identify elements of Ty = Z¢/(2N + 1)Z¢ with a point of Ay, setting
an : Z¢ = Ty and 7y : Z% - An to be the canonical projections. Set
N ={we N:0°w=w,Vr e (2N +1)Z%}. For any w € 2, define w € OV
by w?V () = w(#n). Note that w? is then a well defined function on T too.

Due to the ergodicity of P, it holds that in the sense of weak convergence,

1
0y > Bpeun P Pas. (3.3.10)

Py = ———
(2N + e

Let (29 C 2 denote those environments w for which the convergence holds in
(3.3.10) (clearly, P(f2) =1).

Fixing w € 2, let (X, n)n>0 denote the RWRE on 74 with law Py
Then, Ym ~ = mnXp, N is an irreducible Markov chain with finite state space
Tn, and hence it possesses a unique invariant measure uy = m Yow eTw
én ()6, Setting @Y (n) := XN wN | it follows that @ (n) is an irreducible
Markov chain with finite state space Sy := {#*w™},ca, and transition
kernel M. Its unique invariant measure, supported on 2V, is then easily
checked to be of the form

QN =

XON

TON 1L 1Nd Z ¢N ’/TNI‘)(ngwN .
(2N+ nd &

K

Partitioning the state space Sy into finitely many disjoint states {w }X |

set Oy (a) = {z € Ay : 6w" = w}. Then,

K

dQn
fN::ﬁ:aX: {ww}|CN Z ¢NWN$

aceC

We show below, as a consequence of part (a) of Lemma 3.3.8, that there
exists a constant C2 = Cy(e,d), independent of N, such that

||¢N(WN')||DN+1(0),d/d—1 < 02 . (3311)

Thus, using Jensen’s inequality in the first inequality and (3.3.11) in the
second,

d/d—1

Jd—1 |Cn(a)]
/ ey z |CN z ¢N )| Aol

a=1
< 4 d/d—1 1
<> Y on(rn(@) @N 1+ 1)?
a=1zeCn(a)

1 — —
SNt 3 on(an(@)¥it <oV (3.3.12)
TEAN
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Note that fy extends to a measurable function on {2, and the latter is, due
to (3.3.12), uniformly integrable with respect to Py. Thus, any weak limit
of @ n is absolutely continuous with respect to P, and further it is invariant
with respect to the Markov kernel M.

Let £ = {w : % = 0}. By invariance, EqM1p = Eglg = 0, and
hence M1g < 1g, P-a.s. But, M1g > ¢ Z?zl(lE 00% 4+ 15 0 6~%). Hence,
1p > 1p0#*%  P-as. Since P is stationary, 1z = 15 00%%, P-a.s., and hence
by ergodicity (considering the invariant event N,cz4(6%)*E) P(E) € {0,1}.
But @ <« P implies P(E) = 0. Hence, @ ~ P, as claimed (further, by (3.3.7),
@ is then uniquely defined).

It thus only remains to prove (3.3.11). Fix a function g on T, and define
the resolvent

. 1\’ —
R g(e) = Y (1= 37) Eiva(Tin)
[e'¢] 1 7
= (1—m> Evgonn(XjNn), z€Tn
7=0

and the stopping times 790 = 0,77 = 7 := min{k > 1: | X} v — Xo,n| > N}
and 741 = 70 6% + 7. Since for z € Z? with |z — Xy n| < N it holds that
L,~E”y (E;;&g owN(Xj,N)) = —g(z), we have by Lemma 3.3.8(a) that

for some constant C = C(g, d),

T—1
sup  |ESx | Y gonn(Xjn) || < ONlgllpy e (33.13)
|I7X0,N|<N j:O

Since (X, N)n>0 is a martingale, it follows from Doob’s inequality that, for
any K > 1,

d
Pouonlr < K] <23 Ppos [Sup Xou(i) > N]
n<K

i=1

<25 . 2d
—ﬁ; emN((XK(Z))Jr)Sﬁ K.

Hence, using K = N?/8d?,

. L\ 2 g 1\*

where C3 = C3(d) < 1 is independent of N. Thus, using the strong Markov
property, (3.3.13) and (3.3.14),
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|Rng(m)| = Z E’y Z (1 — %) gomn(X;nN)

m2>0 Tm <J<Tm+41
1 Tm X T—1
<> o (1-55) B S oemixn)
m>0 j=0

T m T—1
1
<3 (e () ) e B
m>0

d d
TEL TEL j=0

< CaN?(19ll Dy 41(0).d

where Cy = C4(d, €). Using the invariance of ¢, we now get
1N (TN Dy 41 (0),d/d—1 = ION(TN) Dy 41 (0),d7d1

1
= sup _
9:19llD 5 41 (0),a <1 |DN+1 (0)|

> on(may)e(y)

y€EDN4+1(0)

1

.
wp 3 (1- F)ﬁ 3 OB, (g o (X))

_ L

 Nlgllog 00451 3
<Gy

with Cy = C2(d, €), proving (3.3.11). O

Proof of Lemma 3.3.8 (a) We may assume without loss of generality that
maxgcop u(z) <0, g >0, g # 0 and that v > 0 is not identically 0. Let @ =
max, gz u = u(zo), some zo € E. Then, for s satisfying |s|o < u/diam(E),
it holds that

u(zo) + s+(r —29) >0, VreE.
Hence, with ¢ =inf{p > 0: u(xo) + s(z — x0) + p > u(z),Vz € E}, we have

that u(x) = u(xo) + s-(x — o) + ¢, some x € E, and hence u(x) + s-(z — ) =
u(x) + s+(z — o) +t > u(2), Vz € E. Hence,

u
€ I C I , for all ith < —. 3.3.15
s u(T) wLE_JE u() r s Wi |5] 00 diam(B) ( )

Assume s € I,,(z). Then, with e € {£e;}, and v(y) = u(z) + s-(y — z),
0=w(z,z+e) (21}(3:) —v(z+e)—v(z— e))
<w(z,z+e)2u(z) —u(z + e) —u(z —e)),
and hence,

0 <w(z,z+e)2u(r) —ulx +e) —u(z —e))

< > wlaa+e)(2ule) — ulo+e) ~ u@ — ) = ~Lou(o) < g(a).
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Hence,

(u(a:) —u(z — e)) - (u(a: +e)— u(m)) < 9(x) < 9(x) .

w(z,z + e) €
Because s € I,,(z), it holds that
u(z+e)—u(z)<s-e<u(z) —ulz—e)

and hence

u(z) —u(z —e) — @ <s-e<u(x) —ulr—e), Vs € Li(x). (3.3.16)

Using (3.3.15) in the first inequality and (3.3.16) in the second, we have that

(m) GRAGIEDY (@)dl{mz#w}-

zelE zeFE

Hence,

d

7 < Co(d, )diam(E) |E|1/d ( Z lg(z)| ]-{Iu(m);é(2\}> )

mEE

completing the proof of part (a).

(b) It is enough to consider g = 0. We begin with some estimates. For
parts of the proof, it is easier to work with L, (instead of L.,) balls. Set
Br = {z € Z%: |z|y < R}. We first deduce from part (a) that for any p < d
and o < 1, there exists a constant C; = Cy(p, o, d) such that

max u(z) < ( > ut(a ) : (3.3.17)
oR .TEB

2d/
Indeed, define n(z) = ( ‘;‘; "A Taylor expansion reveals that for
some Cy = Cy(p, d), it holds that
CQ 02
n(z £ i) —n(@)| < 5, In(z +e1) +nle —e) = 2n(2)| < 75 (3.3.18)

Fix k; = ki(x) € [0,1],i=1,...,d, set v(z) = n(z)u(z),z € Bg, and

Lov(z) = Zo&(x,w +e)(v(z +e) +viz—e)—2v(r))

where
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(:J(l‘ €T +e) = (JJ(I’,Z’ +el) [ (z—e;) + 17(:t+e )| |1‘|2 S R2 —4R
, w(z,z + €;), R?> > |z|?> > R? — 4R

Then, a tedious computation reveals that, on the set |z|?> < R? — 4R,
— Lyv(z) = —Lyu(z)
gl + ) ~ V() + (1 R)(ele) ~ e — o)

(z))+
: 0w+ e — er)
+ Z u(z)

n(x + ez —e;)

[z +ei) —n(z —ei)]

[2 (n(e + e0) = (@) (1(2) = 0z — €)) = (@) + e3) +n(z — e5) - 20(x)]

< Cy(d [Z ki(v(z +e;) —v(z ))"‘(}12_’%)(’/(1') —V(ﬂf—ei))lJrug)]

where we used (3.3.9) in the first equality.
If for such z, I,,(x) # ¢, then by the proof in part (a), there exists a vector

q € I,(z) with |¢| < Rz(lﬁ?oo’ and one may find a &; € [0, 1] such that

kiv(z +e) —v() + (L — ki) (v(z) —v(z—e)) = a.
Thus, on {I (z) # ¢} N{z : |z]> < R®> — 4R}, it holds that —L,v(z) <

Cu(d, p) % “%) On the other hand, when |z|? > R? — 4R, recalling that u > 0,
it holds that

Uy

(vl +e) + vz ) = 2w(2)) < 2(@)u(z) < C5(d,p)

and in conclusion,

A

—L,v(z) <g(z), x€Bg

where
06 (d,p)u(a:)
R? '
Applying part (a) of the lemma, we get (3.3.17).
Next, let 0 < 7 < 1, and set

‘g(i’?)ln(z);&d)‘ <

u, = xrenlglR u(z), u, = in u(z) .
We claim that (3.3.17) implies the existence of a constant v = v(d,o,7,¢)
such that
u, > vyu, . (3.3.19)
Indeed, set 7(z) = (R? — |2|?)? with 8 > 2V 1/0 and w(z) = u, R~27(x) —
u(z). Then, w(r) < 0 on B,g U B%, and Lyw = u, R~>L,7 on Bg. But,
there is an Ry (f) such that on BR\B,r, R > Ry,
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_ 0, |z| < R
£ 2 { (5,4, 0070, 1) 1

implying by part (a) that on Bg\Bygr, R > Ri(f),

_ 1 _ Cc(B,d,e
w(z) < C(B,d,e)u, R*R™?° T > RV < %ua.
|z|=R
Thus,
C(B,d,e
u; > u, [(1—72)6—%] :

We conclude that there exists an Ry = Ro(0, 7,d,¢) and v = y(d, 0, T,€) such
that for all R > Ryp, (3.3.19) holds. On the other hand, for R < Ry (but
(I1-7)R > 1), (3.3.19) is trivial by finitely many applications of the equality
L,u = 0. Thus, (3.3.19) is always satisfied.

A conclusion of (3.3.19) is that if L,u =0on Br,o0 < 1,and I' C B, C
B, g C Bg, letting uy = min,cp u(x), we have that for some 6 = d(e, d),

|I'| > 6|Byr| = u, > yur. (3.3.20)

Indeed, define v = ur —u and conclude from (3.3.17) that

max v(z) <C ( L Z y+(x)> < Ci(1—-4) max v(z)

z€BsRr/2 |B¢7R| veBon z€Bsr
and hence, taking § < 1 such that Ci(1 —9J) < 1/2,

ur — min u(z) < Ci (1 =06)(ur —u,) <

TEBy,Rr/2 (UF B ua) ’

N | =

from which one concludes that ur < u, /5. (3.3.20) follows from combining
this and (3.3.19).
We finally use the following covering argument. Fix a cube Q C Z<. For
t >0, set
={ze®: ulx) >t}.

Note that if Q" = Q'(z,r) is any cube in Z9, centered at z and of side r,
(3.3.20) implies that

II:NQ'| >6|Q'| = u(x) > ~t, some v =v(d,d,e). (3.3.21)
Define, for any A C @,

A= J {Q=310NnQ: [ANQ'(zr) 2 [Q'(z,)]}.

{r,z}
z€(% 2)4
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Then, cf. [78, Lemma 3] for a proof, either A5 = Q or |45| > |I'|/d. Thus,

it |[Ii| > 6%|Q|, then iterating (3.3.21) and the above, infecqu(z) > ~%t.

Choosing s such that §% < % < §°1 we conclude that inf,epy, u(z) >

| log v/ log d . .
~t (ID—;\) . Hence, with p < logd/log~y := p', and u = minp, u, we
have

1 o (1
—|D | Z |’U,(aj)|p = p/ tP <—|D | Z 1u(z)>t> dt
R z€EDR u R zeD,.

[e%e} B Ft|
= Pt < | >dt
p/u |Dr]

o0 tp71

<c)w’ [T = o),
u

for some constants ¢(p),c(p,p'), since p’ + 1 — p > 1. Combining this and
(3.3.17) yields the lemma. O

Transience and recurrence of balanced walks

The main result in this section is the following:

Theorem 3.3.22 Assume Assumption 3.3.1. Then the RWRE (X,),>0 is
transient if d > 3 and recurrent if d = 2.

Proof. We begin with the transience statement. Fix d > 3, K large, and
define r; = K%, with B; = {z : |z]o < 7;}. Set 79 = 1 and

7, =min{n > 17,1 : X, € 0B;}.

We use the following uniform estimate on exit probabilities, that actually is
stronger than needed: there exists some constant C' = C(d,e,d) > 0 such
that, if 2y ={w:w(z,z+e) =w(z,z2—¢€;) >¢e,i=1,...,d,Vz € Z,

sup PO(|Xn| < Lyn=1,---, L2149 < 0e=CL™ (3.3.23)
wE o

There are many ways to prove (3.3.23), including a coupling argument. We
use here an optimal control trick. Let {B,},>0 denote a sequence of i.i.d.

Bernoulli(1/2) random variables, independent of the environment, of law Q.
Then, X, can be constructed as follows:

P g (Xn+1 =Xp+elXn=2,Xn1, - 'Xo) =2w(z,e;)l2B, ;1 —1=+1 -
(As in Section 3.1, @ X PJ , when restricted to (ZHN, equals PJ.) Set

Gn = 0(Bo,B1, -+ ,Bn, X0, , Xn,(ws).ez4).- An admissible control @ =
(an)n>0 is a sequence of G, measurable function taking values in A :=
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[2¢,1 —e(d—1)]. Then define the Z-valued controlled process (¥,*) by Yo =0
and
P(Ynog-l = Yna + 1|gn7 Yoaa e 7Yna) = an123n+1—1:i1 .

Note that, by taking &, = 2w(X,,e;), we may construct (Y,¥) and X,, on
the same probability space such that V¥ = X,,, Q x PJ g-a.s. Thus,

sup P;j(|Xn|oo <Lyn= 1,...,L2<1+5>)
wWE N

< sup sup @ x P£7B(|Yn“| <Lmn=1,--- ,L2(1+6)) . (3.3.24)

wEy o

Let gnw(z) = sup, @ x P, g(|Y;*| < L,i = 1,---,n]Yy = ) (it turns out
eventually that g, ., does not depend on w!) Then, due to the Markov prop-
erty, gn,(+) must satisfy the dynamic programming equation

In,w(T)=
maxaea (§ (gns10(@+ 1)+ ga 10— 1)) +(1 = a)gn 10(2)), o] < L
0, lz| > L

and go.,(7) = 1j;/<1. Next, we note that g, . (-) satisfies
Inw(@+ 1)+ gnw(@—1) —2g,,(x) <O0. (3.3.25)

For n = 0 this is immediate, and hence

91w (z) = go,w (z) + 5(.90,0.)('75 +1) + go,w (z—-1) - 290,w(z)) -

We then have that g1, (x) satisfies (3.3.25), and the argument can be iterated.
We further conclude that

Inw(@) = gn—l,w(m)“‘g(gn—l,w($+1)+gn—1,w($—l)—an_Lw(.T)) . (3.3.26)

Thus, gn. () is nothing but the probability that a simple random walk on Z
with geometric (1 — 2¢) holding times, stays confined in a strip of size L for
L?0+49) units of time (note that (3.3.26) possesses a unique solution, which
does not depend on w € 2!). The conclusion (3.3.23) follows from solving
(3.3.26) and combining it with (3.3.24).

(From (3.3.23), we conclude that ES(7i42) < C’r?il;“s), for all i large
enough, all w € 2y, where P(£2y) = 1. Thus,
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CT?_E_12+6) > E? (Ef,(# visits of X, at B;_; forn € (1; + 1, -- ,Ti+2)|Xﬂ))
= E] Z E) (# visits at y before 742
yEB;i_1
> Z E¢, (Ef_’;;y(# visits at 0 before Ti+1))
YyEB;_1

>C e; g%%f(Eg—yw(# of visits at 0 before Ti+1))
yebi-1

where E; = {z : & < |z|o < 22}, and Harnack’s inequality (Lemma 3.3.8)

was used in the last step. Taking P-expectations, we conclude that

CT?&H) >C Z E° (i%%x Ej_, ,(# of visits at 0 before Ti+1))
YyEB;—1 ‘

>C Z E° (E;(f;w(# of visits at 0 before Ti+1))
" (# of visits at 0 before Ti+1))

=C'(r;1)%E° (Ef’ (# of visits at 0 before Ti+1)) )
where the shift invariance of P was used in the next to last equality. Therefore,
E° (# of visits at 0 between 7; + 1 and 7;41) < C”r?”fd.

Hence, for d > 3,
[ee]
IE° (# of visits at 0) < C" ZT?Jréfd < o,
i=1

implying that P-a.s., ES(# of visits at 0) < oo, i.e. (X,,) is transient if d > 3.
Turning to d = 2, we recall the following lemma:

Lemma 3.3.27 (Derrienic[20]) Let (Y;) be a stationary and ergodic lattice
valued sequence, and set S, =Y., Y;. Define

R, = {# of sites visited up to time n}.

Then,

n n—oo

Proof. The sequence R, is sub-additive and hence, by Kingman’s ergodic sub-
additive theorem, R,,/n —,_, a, a.s. and in L', for some constant a. Noting
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that Rni1 = Rpof+1y, ¢ nt1g,y, it holds that (Ry41—Rpob) T 1400,
where A = {S; # 0,7 > 1). Thus, ER,/n — FEljg=:a. O
n— 00
Under the measure on the environment () introduced in this section, the

increments {X,,+1 — X,,} are stationary and ergodic. Letting R,, denote the
range of the RWRE up to time n, we have that

R
00 @ X P%(no return to 0), Q-a.s.
n

But, due to the CLT (Theorem 3.3.4 and Remark 3.3.5), for any § > 0,

n—o0

lim inf P? (ﬁ < 6) >0, Q-as.
n
Hence, for any § > 0,

P’(no return to 0) < 4§, Q-a.s.

and hence also P-a.s. This concludes the recurrence proof. 0O

Remark: It is interesting to note that the transience (for d > 3) and recur-
rence (for d = 2) results are false for certain balanced, elliptic environments
in 29 (however, the P-probability of these environments is, of course, null). A
simple example that exhibits the failure of recurrence for d = 2 was suggested
by N. Gantert: fix 0.25 < p < 0.5 and ¢ = 0.5 — p. With z = (z1,22) € Z?,
define

f%, 1‘1:1'2,|€|:1

e = tey,|21]| > |T2]
D, or

w(a:,e):{ e = tey, |z1| < |22]
e = ke, |z1| > |22
q, or

e = Fey,|21] < |T2]

V(m):{}l’q, z70

r=20.

Define

Then, v(-) is an excessive measure, i.e.

(Liv)(z) := Z w(z —e,e)v(z —e) <wv(x), =€

e:le|]=1

If {X,} was recurrent, then every excessive measure needs to equal the
(unique) invariant measure. But, with

v((1,0)) =1> (vL,)((1,0)) =2¢ +0.5.

Thus, v(+) is not invariant, contradicting the recurrence of the chain.
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Fig. 3.3.2. Transient balanced environment, d = 2

The intuitive idea behind the example above is that for points far from
the origin, the “radial component” of the walk behaves roughly like a Bessel
process of dimension 2 + §, some § > 0, implying the transience. A similar
argument, only more complicated, allows one to construct environments in
d > 3 where the radial component behaves like a Bessel process of dimension
2 — 9, some § > 0. It is not hard to prove, using Lyapunov functions tech-
niques, that there exists a k(d) < 1/2d such that if d > 3 and the balanced
environment is such that min,; .=, w(z,e) > x(d) then the walk is transient.

Bibliographical notes: The basic CLT under Assumption 3.3.1 is due to
Lawler [47], who transfered to the discrete setting some results of Papani-
colau and Varadhan. An extension to the case of non nearest neighbour walks
appears in [48]. The Harnack principle (Lemma 3.3.8) was provided in [49],
and in greater generality in [{6], whose approach we follow, after a suggestion
by Sznitman (see also [69]).

The proof of the transience part in Theorem 3.3.22 was suggested by G.
Lawler in private communication. The proof of the recurrence part is due to
H. Kesten, also in private communication. A recent independent proof appears
in [8]. Finally, the examples mentioned at the end of the section go back to
Krylov (in the context of diffusions), with this version based on discussions
with Comets and Gantert.

We comment that there are very few results on LLN’s and CLT’s for
non balanced, non ballistic walks. One exception is the result in [9], where
renormalization techniques are used to prove a (quenched) CLT in symmet-
ric (not-balanced!) environments with small disorder. Another case, in which
some of the RWRE coordinates perform a simple random walk, is analysed in
details in [{], using cut-times of the random walk instead of the regeneration
times used in Section 3.5.
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3.4 Large deviations for nestling walks

In this section, we derive an LDP for a class of nearest neighbour random
walks in random environment, in Z¢ For reasons that will become clearer
below, we need to restrict attention to environments which satisfy a condition
on the support of P, which we call, after M. Zerner, “nestling environments”.
For technical reasons, we also need to make an independence assumption (see
however the remark at the end of this section).

Define d(w) := 3., 1=, w(0,e)e, and let Py := P od~' denote the law of
d(w) under P.

Assumption 3.4.1

(C1) P is ii.d.

(C2) P is elliptic: there exists an € > 0 such that P(w(z,z +€;) > €) =
Plw(z,z—e;) >e)=1,i=1,--- ,d.

(C3) (Nestling property): 0 € conv (supp(Py)).

We elaborate below on the nestling assumption. Clearly, balanced walks are
nestling, but one may construct examples, as in d = 1, of nestling environ-
ments with ballistic behaviour.

For any y € R?, we denote by [y] the point in Z? with 1 > y; — [y]; > 0.
For z € Z4, we let T, = inf{n > 0: X,, = z}. As in Section 2.3, the key to
our approach to large deviation results for (X,,) is a large deviation principle
for Tty 2 € R?, stated next.

Theorem 3.4.2 (a) Assume P is ergodic and elliptic. For any z € R, |z|; =
1, any A <0, the following deterministic limit exists P-a.s.

1
a\2) = lim = 1o B 1 <o)

(b) Further assume Assumption 3.4.1, and define

It . (s) =sup (As —a(A, z)) .
A<0

Then, Ti,.)/n satisfies, P-a.s., under PJ, a (weak) LDP, with rate function
Iz .(s). That is,

1
lim lim sup - log P (Tinz1/n € (s — 0,5+ 6))

0=0 nooo
N | o
= gliI(l) hnrglgf - log P (T} /n € (s — 0,8+ 9)) = —Ir.(s), P —a.s.
(3.4.3)
(Note that It .(s) = oo for s < 1).

With Theorem 3.4.2 at hand, we may state the LDP for X, /n. Define,
for z € RY,
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I(z) = {|ZU|IIT,z/z1(1/|[I}|1)’ |]1 S.l ‘
S otherwise

Obviously, a(), z) is defined for any z € R? \ {0}, and is by definition homo-
geneous in |z|;. An easy computation then reveals that I(x) = supyo(A —
a(A, z)). We have the

Theorem 3.4.4 Assume Assumption 3.4.1. Then, P-a.s., the random vari-
ables X, /n satisfy the LDP in R? with good, convex rate function I(-). That
18,

=0 nooo d—00 m—00 N

1 Xn A | Xn
lim lim sup — log P) <— € Bz(6)> = lim liminf — log P} <— € Bz(6)>
n n n
=—I(z), P-—a.s.

Proof of Theorem 3.4.2 The idea behind the proof is relatively simple, and is
related to our proof of large deviations for d = 1. However, there are certain
complications in the proof of the lower bound, which can be overcome at
present only under the nestling assumption.

a) We begin by defining, for A <0,

an,m (A, 2) :=log E&mz] (e)‘T["ZI lT[nsz) .

We then have (since the time to reach [nz] is not larger than the time to
reach [nz], when one is forced also to first visit [mz]), that

an,O(Aa Z) Z am,O(A) Z) + an,m(A7 Z) .

Further, we note that due to C2, there exists a constant C'(),€) such that
n Hano(\, 2)] < C(\e), for all w with w(z,z +e) > € all z € Z% and e such
that |e|] = 1. Thus, by Kingman’s subadditive ergodic theorem,

oMz 0. Pas. (3.4.5)
n n— 00

b) By Chebychefl’s inequality, (3.4.5) immediately implies the upper bound
in (3.4.3). Thus, all our effort is now concentrated in proving the lower bound.
Toward this end, note that by Jensen’s inequality, the deterministic func-
tion a(-,z) is convex, and thus differentiable a.e. We denote by D the set of
A < 0 such that a(-,z) is differentiable at A. Recall that a point s € Ry is
an exposed point of It ,(-) if for some A < 0 (“the exposing plane”) and all

t # s,

At — It (t) > As — It . (s).

It is straightforward to check, see e.g., [19, Lemma 2.3.9(b)] that if y = a’(]}, 2)
for some A € D, then It ,(y) = Ay —a(A, z), and further y is an exposed point
of I .(-), with exposing plane A.
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As we already saw, it is then standard (see, e.g., [19, Theorem 2.3.6(b)])
that the lower bound in (3.4.3) holds for any exposed point. Thus, it only
remains to handle points which are not exposed. Toward this end, define
(using the monotonicity to ensure the existence of the limit!)

= 1l '\, 2) < 00.
T A ep M) S o0
Note that, for any s > s, It .(s) = — limy_0 a(A, 2).

The approach toward the lower bound is different when s > s; (case a)
and s < s; (case b): in case a, a strategy which will achieve a lower bound
consists of spending first some time in a “trap” at the neighborhood of the
origin, returning to the origin and then getting to [nz] within time roughly
ns’ , where s < sy is an exposed point with |[I7 . (s") — It .(s+)| < 7. The
nestling assumption is crucial to create the trap. In case b, the achieving strat-
egy consists of finding an intermediate point, progressing faster than needed
toward the intermediate point, and then progressing slower than expected
toward [nz]. To control the behavior of the walk starting at intermediate
points, the independence assumption comes in handy.

Turning to case a, the role of the nestling assumption is evident in the
following lemma:

Lemma 3.4.6 Assume Assumption 3.4.1. Then, there exists an 29 C 12
with P(9) = 1 with the following property: for each 6 > 0 and each w € (),
there ezists an R(0,w) and an ng = no(d,w) such that, for any n > ng even,

P°(|Xpml2 < R(6,w), m=1,---,n—1,X,=0)>e".

Proof of Lemma 3.4.6 We begin by constructing a “trap”. As a preliminary,
with = € Z¢, and 7 such that |z;| > |z;], j = 1,---,d (and hence |z|]z <
\/3|a:;|) we have, defining y, = © — sign (z;)e;, that

|$|2 _ |Z/ |2 _ |ZET|2 — (|567| — 1)2 1
zl2 = > .
|zl2 + Yal2 2Vd

Fix k = £§/32V/d and F(z) = (1 — k?|z|3) V0. Call a site z € Z? “successful”
if

d
T- Z(w(m,x +e;)e; —w(z,x — ei)ei) <1.
i=1

Due to (C3),
P(z is successful) > 0.

and hence, by the independence assumption (C1),
P(all sites © € By/,(0) are successful) > 0. (3.4.7)

Fix now w € 2 such that all sites x € By, (0) are successful. We next claim
that for such w,
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AeD

derivative = 51

| right derivative = s}
left derivative = sN

Fig. 3.4.1. exposed points and differentiability

Zw(m, r+e)F(x+te)>e 3F(x). (3.4.8)

i

Indeed, for |z|» > 1/k this is obvious, for 1/k — e/4Vd < |z|s < 1/k this
follows from the ellipticity assumption (C2) while for |z|s < 1/k — ¢/4V/d
this follows from a Taylor expansion. Thus, e**/3*F(X,,) is, for such w, a
submartingale under P9, and we have that for all n > 1,

1

e /3 = e RO (X)) < e OB E? (65"/3F(Xn)) < P? <|Xn|2 < —) :
K

(3.4.9)
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Fixing n, even large enough such that e=0m/3gVi/x > e20m1/3

that for such w,

, we conclude

P£(|X’m|ooSnlamzla---anl_la anzo) 26_2(5”1/3-

Due to (3.4.7) and (C1), there exists (P-a.s.) an xg = xg(w,d) such that
all sites in By /. (7o) are successful. Set mo = mo(w, ) := Z?Zl |zo(w, 8)(7)]-
Due to the ellipticity assumption (C2), we have

Pe (Xmo - xo(w,é)) > gm0 pEo (X, =0) > ™

w

Next set R(d,w) := n1 +2mg+ 1. Define K = | (n —2my)/n1|. We then have,
using the Markov property, that

PY(IXml> < R(G,w), m=1,-+,n, Xn=0)

K
> P2 (X, = 20(,6)) P2 (|Xm = woloo < 11, X, = 0)
Pjo (Xmo = O)PLS(X”*KTM*QMO = 0)

_ 26 _
282m08n1 .e 5 Kni Z e on

)

for all n > ng(d,e,w). 0O
Equipped with Lemma 3.4.6 we may complete the proof in case a. Indeed,
all we need to prove is that for any § > 0,

1
liminf ~ log P° (T[m]/n €(s—d,s+ 5)) = —Ir.(s4), P-—as.
n

n—oo
Fix 7 > 0 and an exposed point s” with |I7.(s7) — It .(s+)| < n. Due to
the Markov property, for all n such that |nz|e > R(d,w),
Pzg(T[nz]/n € (S — 0,5+ 6))
> P£(|Xm|2 < R((S,OJ), m=1,---, |—n(5 - sz)]vX[n(sst)] = 0)
PS (T[m]/n € (s" —4d,s" + 5'))
where 6’ = § - s" /2s, and hence,
lim inf L log P2 (T ) 0)) >—-0-1T "
lnn_1>101}) E og w( [nz]/nE (S_ )8+ )) Z —0— T,z(sf)'

Since § is arbitrary and It .(s”) = It .(s+), the proof is concluded for
n—

§2> 854

Turning to case b, recall that our plan is to consider intermediate points.
This requires a slight strengthening of the convergence of a()\,z). We state
this in the following Lemma, whose proof is deferred.
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Lemma 3.4.10 Assume Assumption 3.4.1 and set v € (0,1). Then, for z €
RY, |z|1 =1, and any X < 0, we have

1
lim = log Bl (e)‘T["ZI 1T[m]<oo) =(1-v)a(N\,z), P—as.

n—o00 N,

Assuming Lemma 3.4.10, we complete the proof of part b. Note the existence,
for any n > 0, of s” < s < s7 such that s”,s" are exposed, and further

Ir.(s) - ( — ) Ir.(s) — (L) Ir.-(s7)

_ mo_
S+ S S+ S_

<n. (34.11)

Set v := (s] —5)/(s] —s"). By the Markov property,

PS (Tjnz)/n € (5 — 6,5+ 6))
> P (Tiynzy/n € (57 = 8,87 +6")) P (T, /n € (57 — 8,87 +6))

where §' = M Due to Lemma 3.4.10, and the fact that s ,s” are
exposed points of Iz .(-), one concludes that

R | o
611Hrgohnrgloréf - log PS (Tinz/n € (s — 6,5+ 6))
s— s 0 sh —s ;
> = 7l n IT,Z(S—) + 7l 7l IT7Z(S+) :
Sy — 8- 54 —S-

Using (3.4.11), this completes the proof of the theorem. 0O

»n

Proof of Theorem 3.4.4 Fix x and § as in the statement of the theorem. Then,
using the ellipticity assumption (C2), for any n large enough,

X 0 ) 5
o[ n > po _ Y e né/2
P? ( - eBx(6)> PS (T[m] En<1 2,1+2>>5

and the lower bound follows from Theorem 3.4.2.
Turning to the upper bound, note that |nB,(5) N Z9| < Csn?, and that

r(en)- ¥ Re-w,

yenB, (6)NZ4
Further, note that PJ(X, =y) < PJ(T,) < n), and that due to the ellipticity
(C2),

sup  PY(Xn =y) <& V8 P (T < n(1+9))
yenB,(4)

and hence,
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1 X,
lim limsup — log PJ <— € Bm(5)>
n n

0—00 p—oo
1
< lim limsup — log PS (T[m] <n(l+ 6))

—00 np—oo N
< - i —a.s.
< Oslr%fgf(m:), P—aus
The monotonicity of I(n-) in n, which is induced from that of I .(-), com-
pletes the proof. O

[vnz]

Proof of Lemma 3.4.10 By the ellipticity assumption (C2), % log E,
(eMin) 17, <o0) is uniformly bounded. Further, it possesses the same law

1 0 (AT (1)
as o log B (eMr0-m=1 1q, ). Thus,
1
- [vnz] AT}, - P _
- log E (e [n2) 1T[n21<oo) vd (1 —=v)a(A,z2). (3.4.12)

Our goal is thus to prove that the convergence in (3.4.12) is in fact a.s.
Toward this end, as a first step we truncate appropriately the expectation.
Set
N, = #{ visits at = before Tj,.1},

and N = sup,cza N,. We show that, for some § < 1,
E[E)VnZ] (eAT[nz] ]-T[nz]<00)

1
lim sup — log o] =0, P-a.s. (3.4.13)
n—soo N EUJVTLZ (eAT[nz] 1T[nz]<oo 1N<n5)

Indeed, note first that
Ea[uunz] (GAT[M] lT[nz]<oo) < ELE;VnZ] (GAT[M] 1T[nz]<oo 1N<n5)

" Z Bl (eAT[nzl 172 <00 1Nm>n5) :

z€Zd

But, due to the Markov property,

ELVnZ] (GAT[nz] ]-T[nz]<oo 1N2>n5)
o0
< Z E. (EAT2 1T2<T[nz])kE£)VnZ] (eAT[nz] 1Tm<T[nz]<oo)
k=[nf]+1
nd

er

<
—1—er

Elvne] (GAT[M] 1T[m]<oo) ’
and hence,

[vnz] ( ATy,
E'W el ]lT[nz]<oo 1N<n5

1 —ndern’ /(1 — ) ’

ELVnZ] (eAT[nZ] 1T[nz]<00) S
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yielding (3.4.13). Further, due to the ellipticity assumption (C2), it holds
that for some constant K = K (A) large enough,

EY e 1, Lyens) > BRI 1, 1y ps) /2.
Thus, it suffices to consider
gf) — log ELVTLZ] (eAT[nz] 1T[nz]<Kn 1N<n5) )
Denote by Py, 5 the set of nearest neighbour paths (v,,) on Z4 with vy = [vnz],
vk = [nz], and N(y) < n’. For e € {£e;}L, =: &, set
Ng.e(7y) = #{ steps from z to x + e of v before Tj,,.;(v)} .
Then, with B(z,z +¢e) = logw(z,z + €) and Dg,, = {x € Z¢: || < Kn},
s 3 Y] [
k<Kn YEPk,s tEDKn eEE

We use the following concentration inequality, which is a slight variant of
[77, Theorem 6.6].

Lemma 3.4.14 (Talagrand) Let K C R be compact and convez. Let
be a law supported on K, and let f : KN — R be conver and of Lipschitz
constant L. Finally, let My denote the median of f with respect to p®V, i.e.
My is the smallest number such that

PEN(F < M) > 5, a2 M) > 5

Then, there exists a constant C = C(K), independent of f,u, such that for
allt >0,
pEN(|f = My| > t) < Cexp(=Ct*/L7).

To apply Lemma 3.4.14, note that
dgl

0f(x,z +¢)

g lszKn ek E’YE'Pk,J N, .(7) HWEBK" Hee€ B’ @' +e) Ny (7)

o c ZkSKn e E"/GPk,S HI’GDKn Heeg eﬁ(m’,x’+e)Nm,,e(,y)
(3.4.15)

Thus, using Jensen’s inequality in the first inequality,
2

892 1
Y sl S22
2€Dxn ‘8,8(9:,9: te) € +€Dxn

ZkSKn et Z’YEPk,J Nz,e(’7)2 Hm’EDKn HeEE P@ T eI Nor o (7)

EkSKn erk E’YEPk,J Hm’EDKn Heeé' eB(ac’,m’—i—e)Nz,e('y)

Kn1+6

€
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It is immediate to see that on the other hand g% is a convex function of
{B(z,z + e)}. Hence, by Lemma 3.4.14 and the above,

P(lg} — Eg3| > tn) < G~

where C; = (4 (¢,6). The Borel-Cantelli lemma then completes the proof of
Lemma 3.4.10. O

Remarks: 1. In the proof above, the independence assumption (C1l) was
used in two places. The first is the construction of traps (Lemma 3.4.6), where
the independence assumption may be replaced by the requirement that P,
when restricted to finite subsets, be equivalent to a product measure. More
seriously, the product structure was used in the application of Talagrand’s
Lemma 3.4.14. It is plausible that this can be bypassed, e.g. using the tech-
niques in [68].

2. S. R. S. Varadhan has kindly indicated to me a direct argument which
gives the quenched LDP for the position, for ergodic environments, without
passing through hitting times. Fix ¢ > 0, and define X, to be the RWRE
with geometric holding times of parameter 1/e. Fix a deterministic v, with
|[vl1 <1, and define

g(m,n) = Py, (X5, — X = [(n —m)v]).

Then, g(0,n +m) > g(0,m)g(m,n +m) > 0 for all n,m > 1. Consequently,
by Kingman’s ergodic sub-additive theorem,

1
E logg(O,n) —?n—00 _IE(’U) ’P —a.s.,

for some deterministic I¢(v). From this it follows (see e.g. [19, Theorem
4.1.11]) that X7 /n satisfies the (quenched) LDP with convex, good rate func-
tion I¢(-). Finally, it is easy to check that I¢(-) —.—0 I(-) (even uniformly on
compacts) and that

lim sup lim sup 1 log P5(|1 X, — X, | > 0n) = —o00,P —a.s.,
e—0 n—oo N

from which it follows that X,,/n satisfies the quenched LDP with determin-
istic, convex, good rate function I(-).

3. Returning to the i.i.d. nestling setup, a natural question is whether one
may prove an annealed large deviations principle for the position. A par-
tial answer is given by the following. Fix a direction £ and recall the time
D = D(¢) introduced in Section 3.2. Define T} = min{n : (X,, — Xo) - £ > k}.
Then, for any A € R,

e ¢ Xre ¢
B (Mt 1 p ()=o) 2 Ep (EZ (6”‘3 1{D(Z)>T,f}) B, (GAT*” 1{D(z)=oo}))

£ 14
> B (M 1 p(0)=oc}) B (e 1 p(0)=oc}) »
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and hence, by sub-additivity, the following limit exists:
1 o ( AT
Jm A log E? (6™ * 1{p()=oo}) =1 (£, A) -

One can check that if the conclusions of Lemma 3.5.11 hold then also, for
—A > 0 small enough,

. 1 ¢ . 1 y;

lim sup A log E° (M) = khﬁngo Z log B (e 1ipr—sc}),

k—o0

and hence for such A,

1

g(¢, \) = lim sup — log E° (eAT’f) .
k—o0 k

An interesting open question is to use this argument, in the nestling setup,

to deduce a LDP and to relate the annealed and quenched rate functions.

Bibliographical notes: Large deviations for the position X,, of nestling RWRE
in Z% d > 1 were first derived in Zerner’s thesis [80]. Zerner uses a martin-
gale differences argument instead of Lemma 3.4.14. With the same technique,
he also derives a more general version of Lemma 3.4.10, under the name
“uniform shape theorem”. The large deviations for the hitting times T}, are
implicit in his approach.

A recent paper of Varadhan [79] develops the quenched large deviations
alluded to in remark 2 above, and a corresponding annealed LDP. He also
obtains information on the zero set of the annealed and quenched rate func-
tions, and in particular proves in a great generality that they coincide. The
techniques are quite different from those presented here.

3.5 Kalikow’s condition

We introduce in this section a condition on the environment, due to Kalikow,
which ensures that the RWRE is “ballistic”. Suppose P is elliptic, and let
U be a strict subset of Z? with 0 € U, and define on U U U an auxiliary
Markov chain with transition probabilities

E° [Z;L;T) 1{Xn :z}w(z,z+e)]

Py(z,z +e) = 2 DO VI B
1 z €0U,e=0

€U, el =1
€U el (3.5.1)

where Tye = min{n > 0: X,, € OU} (note that the expectations in (3.5.1)
are finite due the Markov property and ellipticity). The transition kernel Py
weights the transitions z — z + e according to the occupation time of the
vertex x before exiting U. We denote by Ey expectations with respect to the
measure Py .

The following is a basic consequence of the definition of Py (-, ):

Lemma 3.5.2 (Kalikow) Assume I3U(7'Uc < o0) = 1. Then, If’U(XTUC =
v) = P°(X,,. =v),v € OU. In particular, P°(tye < c0) = 1.
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Proof of Lemma 3.5.2: Set g.,(z) = ES (3,7 1{x,=z})- Then

w

5 _ E(gu(z)w(z,y))
PU(x)y) - E(gw(w)) )

But, due to the Markov property,

9o(®) = 1oy + > w(z,7)g0(2),
zeU

xeU,yeUUIU. (3.5.3)

and hence, using (3.5.3),
> (Blgu@)) Pule, ) + 1m0y = Elgu(y))

zeU

Set ﬁ'n(y) = EU (Z;ii)/\n l{X]‘:y})' Then, ﬁ'g(y) = l{y:[)} and

Tny1(y) = Lyy—oy + Z pU(l';y)ﬁn(m) .
zeU

Then, for y € U UOU,
E(0.0)) = Fari(y) = > Pl y) (Blgu(@)) = 7a(@)) -

zeU

Since E(g.(y)) — #o(y) > 0, it follows by the positivity of Py (z,y) that for
y e UUOU,

n—o0

EU (Z 1{Xn=y}> = lim 7n(y) < E(gu(y)) -

n=0
Taking y € OU yields
Piy(Xrye =y) SP/(Xpp =y), yeOU.

On the other hand, }° 5 Py(X,y. =) = 1 because Py(pe < oo) =1 by
assumption. Hence

PO(Xrpe =y) = Pu(Xppe =y), VyeoU. O

We are now ready to introduce Kalikow’s condition. Fix a hyperplane by
picking a point ¢ € R?\{0}, |¢|; < 1. Define

g = U};ler (¢-e)Py(z,xz +e)
le|=1
where the infimum is over all connected strict subsets of Z? containing 0. We
say that Kalikow’s condition with respect to ¢ holds if €, > 0. Note that &,
acts as a drift in the direction ¢ for the Markov chain Pp.
A consequence of Lemma 3.5.2 is the following:



Lecture Notes on RWRE 103

Theorem 3.5.4 Assume that P satisfies Assumption 3.1.1. If Kalikow’s
condition with respect to £ holds, then P°(Ay) = 1. If further P is an i.i.d.
measure then vy > 0.

Proof. Fix U, = {z € Z%: |z-4| < L}. Let X, denote the Markov
chain with Xy 1 = 0 and transition law Py, (x,2 + e). Set the local drift at

z, d(z) = 2 lel=1 ePy, (x,x + €), and recall that X, 1 — 2?2_01 dA(Xi,L) is a
martingale, with bounded increments. It follows that for some constant C,

n—1
Py, ( sup | X, 1 — Z d(X; 1) > 6N> < Ce 0N (3.5.5)
0<n<N Pt

On the other hand, Y7 d(Xir) - £ > ei(n A ye ) while [ X, €] < L+ 1.
We thus conclude from (3.5.5) that

- L+1 0
Py, (TUE > [;: + 6_gN> < CC_CJZN/EE R

and hence, for some C; independent of L, and all L large,
Py, (|)ZTUE (L] > 1) < Cre L,
It follows from Lemma 3.5.2 that

]P"’(|XTUC -] > 1) < Cre=Cil
L

A similar argument shows that P°(D = co) > 0: indeed, take now U 4 =
{z€7Z%: 0 <z €< L} Arguing as above, one finds that for some Cy > 0
independent of L,

pUL,_;_ (|XTU£,+ — L| < 1) > CQ,

implying that
P° (|XTUi+ _I|< 1) >Cy .

Thus, P°(D = c0) > 0, and then, by an argument as in the proof of Theorem
3.1.2, P°(A;) > 0. By Theorem 3.1.2, it follows that P°(A, U A_;) = 1. Due
to (3.5.5), it holds that P°(limsup,,_, ., X - £ = 00) = 1. We thus conclude
that P°(A,) = 1.

To see that if P is i.i.d. then vy > 0, recall the regeneration times {7;};>1
introduced in Section 3.2. By Lemma 3.2.5, it suffices to prove that E° (ry|D =
00) < 00. Let Upy .- = {z € Z: |2| < k,z- £ < m}, and set T, 1, := Ty, , _
with T, = limg_yoo T = min{n : X, - £ > m}, m > 1. By Kalikow’s
condition,
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Tm,k Tm,k
E° Z lix,—a} Z w(x,x+e)l-e| > el Z Lix,=2} | >
n=0 n=0

e:le|=1

and hence, summing over & € Up, - and recalling that X; 1 — X; —d(6%iw)
is a martingale difference sequence, one gets

1+m >FE° (AXTMJc . é) > gE° (Tm,k) R
and taking k& — oo one concludes that m + 1 > ¢/E°(T};,). In particular,
E° (lim inf T}, /m) < lim inf E° (T, /m) < 1/eq. (3.5.6)
m—r0o0 m—r00
Since 7; =00 00, P%-a.s., one may find a (random) sequence k,, such that
Tk,, < T < Tg,,+1. By definition,
C-Xp, <U-Xr, <0-Xp L,
and further,
1
Po(D = o0)

due to Lemma 3.2.5 and (3.2.7). Thus, ky, /m =m0 E° (Xy, L|{D = 00}) 1,
P-a.s. But, since 7%, /km —moco E2(11|{D = oo}) € [1,00], P%-a.s., it
follows that

- Xk =ksoo E°(0- X |{D = x0}) = < 00,P’—as.,

T, [E° D=
liminf =2 > liminf Tk—mk—m = lim Tk—"‘k—m = (r{ o0})

m—co m m—oo k,, m m—00 kK, m - EO(XTl £|{D = OO})
— B (n|{D = oo })P°(D = o).

Since (3.5.6) implies that lim inf,, o0 T /m < 00, we conclude that E° (11 |{D
= 00}) < 00, and hence v, > 0. O

By noting that if Kalikow’s condition holds for some £, then it holds for all
£ in a neighborhood of £y, one gets immediately the

Corollary 3.5.7 Assume that P satisfies assumption 3.2.1. If Kalikow’s
condition with respect to some £ holds, then there exists a deterministic v
such that

Xn
— 2psoV, P —a.s.
n

The following is a sufficient condition for Kalikow’s condition to hold true:

Lemma 3.5.8 Assume P is i.i.d. and elliptic. Then Kalikow’s condition with
respect to £ holds if

. E (Ee:\e|=1 w(O,e)f(e))
inf
fer E(

: >0, (3.5.9)
Ee;\e|=1 w(O,e)f(e))

where F denotes the collection of nonzero functions on {e : |e| = 1} taking
values in [0, 1].
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Proof. Fix U a strict subset of Z%, x € U, and let 7, = min{n > 0: X,, = z}.
Define g(z,y,w) := EY (17, <r,.})- Note that g(z,y,w) is independent of w, .
Next,

Z (-e)Py(z,z +e)
le|=1
E (EL?) ( :LUZCO l{anm} Ee:|e\:1 LU(CU,CE+6)€'£))
E(Eg (X050 Lix,=z}))
B (9(,0,0) B (S72 1xume) Segr w2+ e)e - 1))
E (g(l’,oaw)Eﬁ (E:L[;CO l{Xn:x}))

Under PJ, the process Xy, is a Markov chain with Geometric(}_,, .- w(z, 7+

e)g(z,x + e,w)) number of visits at x. The last equality and the Markov
property then imply

Z (-e)Py(z,z+e€)

jel=1
B (g(,0,0) Bt )
E (g(xﬂ07w)Ze:le‘zlW(z,z1+e)g(m,m+e,w))
B (s )
E (Ee;‘d:lw(z,e)g(i,m,w)/g(z,om)

_fE]:E( 1

s—warm) B

1
Ee;|e\=1 w(0,¢e) f(e) )
where the first inequality is due to the independence of g(z, z+e,w)/g(z,0,w)
inw,. 0O
An easy corollary is the following

Corollary 3.5.10 Assume P satisfies Assumption 3.2.1. If either

(a) supp(Py) C{z € RY : £-2 >0} but supp(Py) ¢ {z € R? : £ -2 =0},
or

(0) B 0 (0, 0)e - 1) > LE((E ey (0, €)e - 0)-),

then Kalikow’s condition with respect to £ holds.

In particular, non-nestling walks or walks with drift “either neutral or point-
ing to the right” satisfy Kalikow’s condition with respect to an appropriate
hyperplane . Further there exist truly nestling walks which do satisfy Ka-
likow’s condition.

Remark: It is interesting to note that when P is elliptic and i.i.d. and d = 1,
Kalikow’s condition is equivalent to v # 0, i.e. to the walk being “ballistic”.
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For d > 1, it is not clear yet whether there exist walks with P°(A4,) > 0 but
with zero speed. Such walks, if they exist, necessarily cannot satisfy Kalikow’s
condition.

Our next goal is to provide tail estimates on X, -¢ and on 7. Our emphasis
here is in providing a (relatively) simple proof and not the sharpest possible
result. For the latter we refer to [71]. In this spirit we throughout assume
! = €e1.

Lemma 3.5.11 Assume P is i.i.d. and satisfies Kalikow’s condition. Then,
there exists a constant ¢ such that

E’(expe X, - £) < 00.

Proof. Recall the notations of Section 3.2 and write

E° (exp(c X, - £)) = ZEO (exp(cXT1 -Z)I{K:k})
k>1

- Z Z ecz-lE(Es (1{X§k=m}1{§k<00}) - P;(D = 00))

k>1zezd

= ]PD(D = OO)E' Z Z 66m'£E3 (1{X§k=m}1{§k<00})
k>1zczd

—P(D=00) Y E (exp(cng -4)1@@}) . (3.5.12)
E>1

But, using the Markov property,

E° (exp(cng ) 1{§k<oo})
<F° (exp(cng_l ) l{gk_1<oo})IEo (exp(cMg -0) 1{D<oo}) .

Hence,

E° (exp(c)(g’c .Z)l{§k<oo}) < ]PO(D = oo) Z(Eﬂ (exp(cMO . K)I{D<oo})k
k>0

Note, using ¢ = ey, that
B (eCMlill{D@o})

= etE (1{M0~Z:k}1{D<00})
k=1
-

et 3 B (B (L EOV (T < Tiwn)) . (35.13)
yEZd—l

k=1
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Using Kalikow’s condition and a computation as in Theorem 3.5.4, one has
that for some ¢; > 0, P° (E‘yb% l{XTkZ(k,y)}) < e_clk, while ]PD(T_k <
Ty) < e~k Hence, substituting in (3.5.13), one has

00 d—1
E° (eCMl.Z]-{D<oo}) < Zeck ((i_f) + 1) e—clk .

k=1

Taking ¢ < ¢;, the lemma follows. O
A direct consequence of Lemma, 3.5.11 is that

1
limsup — logP°(X,, - £ > vn) < —3(v) (3.5.14)
n

n—o0

where $(v) > 0 for v > 0.
With a proof very similar to that of Lemma 3.5.11, we have in fact the

Lemma 3.5.15 Assume P is i.i.d. and satisfies Kalikow’s condition. Set
X* = supg<<r, |Xnl|- Then, there exists a constant ' such that

E’(expc' X*) < 0.

We next turn to obtaining tail estimates on 7. Here, due to the presence
of “traps”, one cannot in general expect exponential decay as in (3.5.14). We
aim at proving the following result.

Theorem 3.5.16 Assume P satisfies Assumption 3.2.1. and Kalikow’s con-
dition. Then, with d > 2, there exists an a > 1 such that for all u large,

PO(ry > u) < e”108W)"
In particular, 7 possesses all moments.
Proof. Recall that we take £ = e; and, for L > 0, set ¢, = (—L,L) X
(—% %)d_l. Note that, with ¢ as in Lemma 3.5.11,

63’63

P(ry > w) < P11 > u, Xy, £ <L) +PO(Xr, 0> 1)

<e Ly PoAry > 1) + POy, =1L > )
where
7, =inf{¢t: X;-£> L} and
Te, =1inf{t: Xy &cp}.
Hence, by Kalikow’s condition,
PO(r, > u) < e°E/2 4 P° (TCL = > u) (3.5.17)

for some constant ¢ > 0.
The heart of the proof of Theorem 3.5.16 lies in the following lemma,
whose proof is deferred.
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Lemma 3.5.18 There exist a 8 <1 and £ > 1 such that for any ¢ > 0,
. 1 o
lim sup 73 log P (Pw (Xrpr,

L—o00

-ZZL)S@‘“LB) <o,

where U, = {2 € Z%: |z -{| < L}.

Accepting Lemma 3.5.18, let us complete the proof of Theorem 3.5.16. Toward
this end, set A(u) = alogu with a small enough such that e2(®) > ull,e, and
set L = L(u) = (logu)®, with N = L/A = L(logu)® ! and 2 — @ = 3 where

B is as in Lemma 3.5.18. Observe that

1 (log u)™ w 1
Po(re, ZU)§<§> + P° <E|$1€CL,P$1 (TCL>W>Z§>

: (% )aog v P(R). (3.5.19)

Note that

u u
— P, > ——
a2 (> o)

Ter, Tep,
o= (31) =2 (5 Ere)
i=1

yecrp i=1
E; (1{@«%}) 1
= y— S |CL| - ,
yecr E“) (I{Ty>TcL}) yléleLP‘g (I{Ty} > TCL)

with 7, = inf{¢ : X; = y}. Hence,
|cL](log u)™

w inf PI? <7'CL > %)

z1€cy, log u)®

yiélch Pff(ry > 7o) <

Hence, on R there exists a y with PY (1, > 7., ) < #, for all u large enough.

Set A; = {z € Z?: z - £ = iA}. By ellipticity (recall e2® > 1/4'/6),
it follows that on the event R, there exists an ig € [-N + 2, N — 1] and an
x € A;, such that

1
Pjo (T(iofl)A > TCL) S ﬁ (3520)

where 7(;,_1)a = inf{t : X;- €= (ip —1)A}. Set

Then, the Markov property implies that
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N-1
P? (T(i_l)A > TCL) >exp | — X gA)
=i
N-1 N 1
Z exp — . j W .
j=i

Thus, using (3.5.20)

N-—1
! 1
PRY<SP| > X;> %88%) <an  sup P(Xiz 0g“> _
i=—N+1 12 —N+1<i<N-1 24N

(3.5.21)

But, using the shift invariance of P and the definition of {X;},

1
IN  sup P<Xi> oY

< P(Po - < 7(10gu)2_ab)
N4+1<i<N—1 - 24N> < e J(r-a>T1a)se

for b = g;. The theorem follows by an application of Lemma 3.5.18. O

Proof of Lemma 3.5.18
The interesting aspect in proving the Lemma is the fact that one con-
structs lower bounds on PJ(X., -¢ > L) for many configurations. Toward

this end, fix 1> # > B, v € (4 ,1), x = =2 < B < 1 such that d(f —x) > 1

(for B close enough to 1, one may always find a v close to 1 such that this
condition is satisfied, if d > 2). Set next Ly = LX, L; = L?, Ny = L, /Ly (for
simplicity, assume that Lo, L1, L) and Ny are all integer).

Let R be a rotation of Z? such that R(¢{) = R(e;) = 107> and define

Bi(z) = R(z +10, Lg]d) nzd

Bo(z) = R(z +[~LY, Lo + Lg]d) nzd

and 8, Ba(z) = dBs(2) N {m cxo > Lo+ Lg}.

[v]
We say that z € LoZ?is good if SUP,ep, (2) Do (Xrp, (., & 04+Ba(2)) < :
and say that it is bad otherwise. The following estimate is a direct consequence

of Kalikow’s condition and Lemma 3.5.15.

Lemma 3.5.22 For vy € (1/2,1),
limsup L~ >” log P(0 is bad ) < 0.

L()*}OO

Proof of Lemma 3.5.22

Set u = max{% : sup,¢p, (o) ¢ > U} and set L, = sup{n > 0: X,,-¢ < u}.
Define 7(z) = z — fv- Setting K, = sup{k > 0 : 7 < n}, it holds that
n < L, = K, < u. Setting w € R? with w-v =0, and |w|; = 1 one has



110 Ofer Zeitouni

Xp-w :XTKn (X XTKn)
< Xrp, w+X 00, .

Hence,

]P’O( sup Xn-wZu”)S Z ]PO(XTk-w+X*00Tk>uA’)

0<n<Lu 0<k<u
u” u”
<Y P (XTk—Xn)-w U) rur (X, ows>s L
3 3
0<k<u

o * u”
+ulP (X >§|D:oo

Y 2 . Y
<y PO((XTk—XTl)-w>%>+WiOO)PO<X >%>

Note that by Lemma 3.5.15, P° (X* > %) < e=%%" while the random vari-
ables (X;,,, —X,,)-w are ii.d., of zero mean and finite exponential moments.
In particular,

P° (‘(X‘ﬁe _kXﬁ) -’LU‘ > %) < e cd{:% S e*Cguz”’_l

by moderate deviations (see e.g., [19, Section 3.7]).
Since v > 2+ — 1, we conclude that

1
lim sup —— log P ( sup X, w > u”) <0

u—oo U 0<n< Ly
and hence
1
lim SUp 5y — log P° ( sup |7(X,)| > u”) <0. (3.5.23)
u—00 0<n<L,

Fix now z € B;(0). Then, for some ¢ = ¢(d),

B (X #04520) <P sup (X, 0) 2 0)

0<n< Loy

+P°(X,, £<0)

where V,, = {z P 0} and the conclusion follows from (3.5.23)

and Kalikow’s condition. 0O
Construct now the following subsets of Uy,:

Set M = {zELOZd’Z: 0,2),7z € {—f—;,"' ,0,

h|h
S =

d—1
} Lg}. For z €

M, set Row(z) = U +(2 )( )Bl(z + jLol) where



Lecture Notes on RWRE 111

N_(z) =min{j: Bi(z +jLol)N{z: z-£> 0} #0} > —CL£0

Ny(z)=max{j: Bi(z+ jLol)N{z: - L >0} #0} < cL£
0

for some constant ¢ depending on v and uniformly bounded, and set T =

Uje{f%,... ’07.__7%1) dfl{]Lo}.

The idea behind the proof is that if one of the rows {R(z) } ., say R(2op),
contains mostly good blocks, a good strategy for the event (X., -¢) > L is
to force the walker started at x to first move to z, then move to the right
successively without leaving U.crow(zo)B2(2) until exiting from wur. More
precisely, let N(zp) denote the number of bad blocks in U.crow(z)B1(2)-
Then, for some constants ¢;, using ellipticity and the definition of good boxes,

1 c¢L/Lo
PY(X,, «>L)> el <§ 52(d1)L3> (ELO)N(ZO)
— o—ca(LP+LXN(z0))

Hence, for an arbitrary constant c¢g and all L large enough (L > g(cs, ¢) for
some fixed function g(+)),

P (P;j (XTuL.,_; > L) < e—cLB) < P({ﬁzo € M: N(z) < CGLB—X})
()

using the independence between even rows in Figure 3.5.1. But note that
N(0) = Zfz/luo (Y; + Z;) where {Y;} are i.i.d., {Z;} are i.i.d., {0,1} valued,

< [P (N(O) > CSLB_X)]
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P(Y; = 1) = P(B1(0)) is a bad block (the division to (Y;, Z;) reflects the
division to even and odd blocks, which creates independence). Hence,

L/2Lo .
B— -~ 56 78—
P(N(O)ZCGL ””)§2P ;YZZQL X

Since, by Lemma 3.5.22,
log E(e"") < log(l + e_”L?A) <emeloT

we conclude from the independence of the Y;’s that

— 2y —1
_eerB-x ¢~°7lp ._L
2 e 2L

P(N(O) > CGLE_X) < 2

< el

Hence,
P (PO

w

(XTuL_[ Z L) S e_CLB) S e_ch(B*x)d < e_LE

for some & > 1, as claimed. O

Remark The restriction to d > 2 in Theorem 3.5.16 is essential: as we
have seen in the case d = 1, one may have ballistic walks (and hence, in
d = 1, satisfying Kalikow’s condition) with moments m, := E°(7]) of the
regeneration time 71 being finite only for small enough r > 1.

We conclude this section by showing that estimates of the form of Theo-
rem 3.5.16 lead immediately to a CLT. The statement is slightly more general
than needed, and does not assume Kalikow’s condition but rather some of its
consequences.

Theorem 3.5.24 Assume Assumption 3.2.1, and further assume that P°(Ay)

g
(")

= 1 and that the regeneration time T satisfies E° < oo for some

6 > 0. Then, under the annealed measure P°,

E (X, — X
B (X7, = Xr) #0, P°-—a.s., (3.5.25)

and (X, — nv)/+/n converges in law to a centered Gaussian vector.

Proof. The LLN (3.5.25) is a consequence of Theorem 3.2.2 and its proof. To
see the CLT, set

n

& = X‘ri+1 - XTi - (Ti+1 - Ti)v’ Sn = Zgl ’

i=1

and = = F°(£,¢T). Tt is not hard to check that = is non-degenerate, simply
because P°(|¢1| > K) > 0 for each K > 0. Then S, is under P° a sum of
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i.i.d. random variables possessing finite 2 + J-th moments, and thus Sp,,/ N
satisfies the invariance principle, with covariance matrix =. Define

J
v, = min {j : Z(Ti+1 - 1) > n} .

i=1

Note that in P° probability, n/v, — E° (12 — 11) < co. Hence, by time chang-
ing the invariance principle, see e.g. [2, Theorem 14.4], S, /,/V, converges in
P° probability to a centered Gaussian variable of covariance =. On the other
hand, for any positive 7,

P°(]S,, — (Xn —nv)| > nv/n) <P°(Fi < n: (rig1 — ) > nvn/2)
+P (11 > 1v/n/2)

(n+ DP°(n > nv/n/2)
< Po(D) —n—oo 0,

where we used the moment bounds on E°(r — 71)?79 and the fact that
P°(D') > 0 in the last limit. This yields the conclusion. Further, one observes
that the limiting covariance of X,,/v/n is £/(E° (12 — 71)). O

A direct conclusion of Theorem 3.5.24 is that under Kalikow’s condition,
X, /+/n satisfies an annealed CLT.

Bibliographical notes: Lemma 3.5.2, Kalikow’s condition, the fact that it im-
plies P°(A;) =1, and Lemma 3.5.8 appeared in [38]. The argument for vy > 0
under Kalikow’s condition is due to Sznitman and Zerner [76], who also
observed Corollary 3.5.10. [71] proves that in the i.i.d. environment case,
a(0,2) = 0 if and only if z = tv, some t > 0. The estimates in Theorem
3.5.16 are a weak form of estimates contained in [71]. Finally, [81] charac-
terizes, under Kalikow’s condition, the speed v as a function of Lyapunov
exponents closely related to the functions a(), z).

In a recent series of papers, Sznitman has shown that many of the conclu-
sions of this section remain valid under o weaker condition, Sznitman’s (T)
or (T’) conditions, see [T4, 13, 15]

Appendix
Markov chains and electrical networks: a quick reminder

With (V, E) as in Section 1.1, let C, > 0 be a conductance associated to each
edge e € E. Assume that we can write

C’UU} . C’UU}
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To each such graph we can associate an electrical network: edges are replaced
by conductors with conductance C\,. The relation between the electrical
network and the random walk on the graph is described in a variety of texts,
see e.g. [25] for an accessible summary or [57] for a crash course. This relation
is based on the uniqueness of harmonic functions on the network, and is best
described as follows: fix two vertices v,w € V, and apply a unit voltage
between v and w. Let V(z) denote the resulting voltage at vertex z. Then,

PZ({X,} hits v before hitting w) = V(z).

Recall that for any two vertices v, w, the effective conductance C°% (v <+ w)
is defined by applying a unit voltage between v and w and measuring the
outflow of current at v. In formula, this is equivalent to

CM(v & w) = Z [1-V(©@)]Cyp = Z V(w")Cupuw -

v'EN, w!' €Ny

For any integer r, the effective conductance C', , between v and the horocycle
of distance r from v is the effective conductance between v and the vertex r' in
a modified graph where all vertices in the horocycle have been identified. We
set then Cy o := lim, o, C, . The effective conductance obeys the following
rule:

Combination rule: Edges in parallel can be combined by summing their con-
ductances. Futher, the effective conductance between vertices v, w is not af-
fected if, at any vertex w' ¢ {v,w} with N, = {v,2'}, one removes the
edges (v',w') and (2',w’) and replaces the conductance Cy .+ by

_ 1 1 \!
CUI,Z{ - CU’7ZI * (Cv’,w’ * Cz’,w’) .

(This formula applies even if an edge C,r . 18 not present, by taking Cyr .+ =
0.)

! ! ! ! !
v Cy W Cyr o z v z

e N M = AN

AN B

C/U!7ZI C’U’,Z’
Exercise A.1 Prove formulae (2.1.3) and (2.1.4).

Markov chains of the type discussed here possess an easy criterion for
recurrence: a vertex v is recurrent if and only if the effective conductance
Cy,00 between v and oo is 0. A sufficient condition for recurrence is given by
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means of the Nash-Williams criterion (see [57, Corollary 9.2]). Recall that
an edge-cutset II separating v from oo is a set of edges such that any path
starting at v which includes vertices of arbitrarily large distance from v must
include some edge in II.

Lemma A.2 (Nash-Williams) If II,, are disjoint edge-cutsets which sep-
arate v from oo, then

-1

Como < [ D ( > ce> B

n ecll,

As an application of the Nash-Williams criterion, we prove that a prod-
uct of independent Sinai’s walks is recurrent. Recall that a Sinai walk (in
dimension 1) is a RWRE satisfying Assumption 2.5.1. For simplicity, we con-
centrate here on Sinai’s walk without holding times and define a product of
Sinai’s walk in dimension d as the RWRE on Z% constructed as follows: for
each v € Z%, set N, = xL_, (v; — 1,v; + 1) and let 2 = x%_, (M;(N,))%. For
z € 74, we set w;rz = wi(zi,zi +1), w; , = wi(zi,2i — 1) and p;(z) = W;,z/‘*’j,z-
We equip (2 with a product of measures P = x%_ | P;, such that each P; is
a product measure which also satisfies Assumption 2.5.1. For a fixed w € (2,
define the RWRE in environment w as the Markov chain (of law P3) such
that P2(Xo = 0) = 1 and, for v € {-1,1}4, P2( X1 = 2 +v|X,, = ) =
ngl wi(x;, x; + v;). Define

d —1 zr;—1
C(z,v) =] IT »iGo) II pii)™! (pi(:ni)_l)(wrl)/2 ,
i=1 ji=w; §i=0

where by definition a product over an empty set of indices equals 1. Then,
the resistor network with conductances C(z,v) is a model for the product of
Sinai’s RWRE. Define

[nt]
BI(6) = ~—= 3 log (i) - (sgm ).

Then,
d
C(z,v) < 5_dHe\/ﬁBi"(“/") .
=1

Taking as cutsets IT,, the set of edges (z,z + v) with |z|oc = n, v; € —1,1
and |z + v|eo =n + 1, we thus conclude that
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(Z ce> <egd zd:(e\/ﬁBl‘(l) + e\/ﬁBZ‘(fl))
ecll, i=1
ﬁ (2”: e\/ﬁB;‘(k/n)> =D,

Jj=L,j#i \k=—n

Since P; are product measures, we have by Kolmogorov’s 0-1 law that
P(liminf, o D, = 0) € {0,1}. On the other hand, for all n large enough,
we have by the CLT that

P(D, <e ™) > P(BP(1) < ~1,BP(~1)
<-1, sup B!<1/2d,i=1,...,d) > c,
—1<t<1

for some constant ¢ > 0 independent of n. Thus, by Fatou’s lemma,
P(liminf,, o D, = 0) > 0, and hence = 1 by the above mentioned 0-1 law.
We conclude from Nash’s criterion (Lemma A.2) that Cp o = 0, establishing
the recurrence as claimed.

Exercise A.3 Ezxtend the above considerations to Sinai’s walk with holding
times and non product measures P;.

Bibliographical notes: The classical reference for the link between electrical
networks and Markov chain is the lovely book [25]. The application to the
proof of recurrence of products of Sinai’s walks was prompted by a question
of N. Gantert and Z. Shi.
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